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Dynamic Shum Inequalities

Martin Bohner

Missouri S&T, USA
bohner@mst.edu

Recently, various forms and improvements of Opial dynamic inequalities have
been given in the literature. In this talk, we survey these recent results and give
refinements of Opial inequalities on time scales that reduce in the continuous case
to classical inequalities named after Beesack and Shum. These refinements are
new in the important discrete case.

[1] R. Agarwal, M. Bohner, D. O’Regan, M. M. Osman, and S. H. Saker, A
general dynamic inequality of Opial type. Appl. Math. Inf. Sci., 10(3):1–5, 2016.
In press.

[2] R. Agarwal, M. Bohner, D. O’Regan, and S. H. Saker, Dynamic Shum in-
equalities. Turkish J. Math., 2016. To appear.

[3] M. Bohner and O. Duman, Opial-type inequalities for diamond-alpha deriva-
tives and integrals on time scales. Differ. Equ. Dyn. Syst., 18(1-2):229–237, 2010.

[4] M. Bohner and B. Kaymakçalan, Opial inequalities on time scales. Ann.
Polon. Math., 77(1):11–20, 2001.

[5] M. Bohner, R. R. Mahmoud, and S. H. Saker, Discrete, continuous, delta,
nabla, and diamond-alpha Opial inequalities. Math. Inequal. Appl., 18(3):923–
940, 2015.

[6] M. Bohner, R. R. Mahmoud, and S. H. Saker, Improvements of dynamic
Opial-type inequalities and applications. Dynam. Systems Appl., 24(1-2):229–
241, 2015.
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Symmetries in non-commutative geometry
(A synthetic point of view)

Tomasz Brzeziński

University of Bialystok (Poland) and Swansea University (Great Britain)
t.brzezinski@swansea.ac.uk

The aim of this lecture is to give a synthetic or categorical justification for com-
monly made claims that Hopf algebras should represent symmetries of objects
in non-commutative geometry, while the notion of a non-commutative principal
bundle is properly encoded by that of a faithfully flat Hopf-Galois extension. The
lecture is addressed to a general mathematical audience and assumes no partic-
ular knowledge either of category theory or non-commutative geometry, Hopf
algebras etc.

Positive solutions to Dickman equation

Josef Dibĺık, Gabriela Vážanová

Brno University of Technology, Czech Republic
diblik@feec.vutbr.cz, xvincu00@stud.feec.vutbr.cz

We consider the Dickman equation

ẋ(t) = −1

t
x(t− 1),

for t → ∞. The number theory uses what is called a Dickman (or Dickman -
de Bruin) function, which is the solution to this equation defined by an initial
function x(t) = 1 if 0 ≤ t ≤ 1. The Dickman equation has two classes of asymp-
totically different positive solutions. The paper investigates their asymptotic be-
haviors in detail. A structure formula describing the asymptotic behavior of all
solutions to the Dickman equation is given, an improvement of the well-known
asymptotic behavior of the Dickman function, important in number theory, is
derived and the problem of whether a given initial function defines dominant or
subdominant solution is dealt with.

[1] Pituk, M., Röst, G., Large time behavior of a linear delay differential equation
with asymptotically small coefficient, Bound. Value Probl. 2014, 2014:114, 1–9.
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[2] de Bruijn, N. G., On the number of positive integers 6 x and free of prime
factors > y, Indag. Math. 13 (1951), 50–60.

[3] Moree, P., Integers without large prime factors: from Ramanujan to de Bruijn,
Integers, 14A (2014), 1–14.

Some remarks on the Gottman, Murray et al. model of
marital dissolution and time delays

Urszula Foryś

University of Warsaw, Poland
urszula@mimuw.edu.pl

In the paper we consider mathematical model proposed by Gottman, Murray
and collaborators to describe marital dissolution. This model is described in
the framework of discrete dynamical system reflecting emotional states of wife
and husband, which is, however, non-symmetric. To make the model symmetric,
one need to assume that the husband reacts with delay. Following this idea we
consider the influence of time delays in the reaction terms of wife or husband,
and study possibility of the change of stability with increasing delay. Surprisingly,
it occurs that the delay has no impact on the stability, that is the condition of
stability proposed by Murray remains unchanged under some additional, not very
restrictive, assumption.

The Dynamics of Granulomas

Avner Friedman

Ohio State University, USA
afriedman@math.osu.edu

A granuloma is a small mass of tissue of immune cells that aggregate in response
to infection, in order to block the spread of infection. Examples include gran-
ulomas in tuberculosis, sarcoidosis, Crohn’s disease, Rheumatoid arthritis, and
leishmaniasis. In the case of Micobacterium tuberculosis (Mtb) a granuloma
contains pathogens (the bacteria),immune cells (macrophages, dendritic cells, T
cells) and signaling molecules (cytokines) secreted by the immune cells as a way
of communicating among them. All these species satisfy a system of PDEs inside
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the granuloma, while the region occupied by the granuloma varies in time and
its boundary is ”free,”, that is, it is unknown in advance. Thus the mathemat-
ical model of granuloma is a a free boundary problem. The granuloma model
in tuberculosis is a most recent example of free boundary problems that arise in
mathematical biology. In this talk I will focus on this particular type of gran-
uloma, describe the biological background, the mathematical model, and the
simulation results. Next I will consider a simplified model, for which I will state
recent rigorous mathematical results, and pose some open problems.

Squaring Ladders

Stefan Hilger

Catholic University of Eichstaett-Ingolstadt, Germany
Stefan.Hilger@ku.de

We will introduce the general concept of a ladder and investigate the operatoins
of ”squaring the ladder”. We will also present some illustrative examples.

Application of optimal control theory to mathematical
models for cancer therapies: results and challenges

Urszula Ledzewicz

Southern Illinois University Edwardsville, USA
and Lodz University of Technology, Poland

uledzew@siue.edu

Joint research with Heinz Schaettler (Washington University, St. Louis, USA)
and Helen Moore (Bristol Myers Squibb, USA)

In this talk we will show how the tools of the geometric optimal control
can be used to analyze models for various cancer therapies. Modern cancer
treatments are multi-targeted, focusing not only on the tumor but also its
microenvironment and because of this complexity, dosage, frequency and
sequencing of therapeutic agents may have a major effect on the outcome of
treatment. There is mounting medical evidence that ”more is not necessarily
better” and a properly calibrated dose which takes into account this complexity
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can lead to a better outcome. Formulating mathematical models with an
objective that reflects the overall goal of the therapy, like minimizing the tumor
size and side effects, maximizing the actions of the immune system etc., leads to
optimal control problems where mathematical analysis can answer some of these
questions in a theoretical framework. Some results and mathematical challenges
encountered in this analysis will be presented. Specifically, it will be shown that
for some models we can construct a full synthesis of optimal solutions whereas
for others theoretical analysis has to be aided by some numerical simulations.
The results will be compared with medical and experimental data.

Optimality and approximate optimality conditions for the
blowup time of diffusion equations

Andrzej Nowakowski

University of Lodz, Poland
annowako@math.uni.lodz.pl

We study the blowup problems for semilinear parabolic differential equations
with control function. Sufficient optimality conditions for controlled blowup time
are derived in terms of dula dynamic programming methodology. We define ε-
optimal value function and we construct sufficient ε-optimaity conditions for that
function again in terms of dual dynamic programming inequality.

Numerical dynamics of integrodifference equations

Christian Pötzsche

Alpen-Adria Universität Klagenfurt, Austria
christian.poetzsche@aau.at

Integrodifference equations (IDEs for short) are a popular tool in theoretical ecol-
ogy in order to describe the spatial dispersal of populations with nonoverlapping
generations (cf. [1]).
From a mathematical perspective, IDEs are recursions on ambient spaces of con-
tinuous or integrable functions and therefore generate an infinite-dimensional
dynamical system. Hence, for simulation purposes an appropriate numerical ap-
proximation yielding a finite-dimensional state space is due. Our goal is to study
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those dynamical properties of IDEs (e.g. existence of reference solutions, attrac-
tors, invariant manifolds) which are preserved under corresponding numerical
methods and to establish convergence for increasingly more accurate schemes.

[1] Kot, M., Schaefer, W., Discrete-time growth-dispersal models, Mathematical
Biosciences 80 (1986), 109–136.

[2] Stuart, A., Humphries, A., Dynamical Systems and Numerical Analysis,
Monographs on Applied and Computational Mathematics, University Press,
Cambridge, 1998.

Braces meet nilpotent rings

Agata Smoktunowicz

University of Edinburgh, Scotland
A.Smoktunowicz@ed.ac.uk

Around 2007, Rump revealed some surprising connections between Jacobson rad-
ical rings and solutions of the Yang-Baxter equation. In particular, he showed
that Jacobson radical rings are in one-to-one correspondence with two-sided
braces, and that every Jacobson radical ring yields a non-degenerate involutive
set-theoretic solution to the Yang-Baxter equation.

In this talk, we look at a ring theoretic approach to the Yang-Baxter equation
which explores the connection between braces and nilpotent rings.

We will present both old and new results from this area, together with a gentle
introduction to the subject. No previous knowlege of braces, braided groups nor
of the Yang-Baxter equation is assumed.

GeoGebra, mental models and computational thinking

Katarzyna Winkowska-Nowak

University of Social Sciences and Humanities, Warsaw, Poland
kwn@swps.edu.pl

Computers changed the world of teaching mathematics. They changed the math-
ematics itself. As Waits [4] put it: ”Some Mathematics becomes more important
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because technology requires it. Some Mathematics become less important be-
cause technology replaces it. Some Mathematics becomes possible because tech-
nology allows it”. This talk will focus on the role of the Dynamic Mathematic
Software GeoGebra in mathematics education. GeoGebra incorporates Dynamic
Geometry Software (DGS), Computer Algebra Software (CAS), and Spreadsheet
into one, easy to use interface. The most prominent feature of GeoGebra is it’s
possibility of creating multiple representation of mathematics objects (Hohen-
warter [2]). This helps to use GeoGebra teaching materials in model-centered
mathematics learning (Bu, Spector, Haciomeroglu [1]) which is based on cog-
nitive theory of mental models. Mental models play crucial role in inductive,
deductive and probabilistic reasoning (Johnson-Laird, Khemlani [3]). As such
are indispensable in computational thinking (Wing [5]).

[1] Bu L., Spector J. M., Haciomeroglu E. S., Toward model-centered mathe-
matics learning and instruction using GeoGebra., Model-Centered Learning 243
(2011), 13–40.

[2] Hohenwarter, M., Multiple representations and GeoGebra-based learning en-
vironments, Union 342 (2014).

[3] Johnson-Laird, P.N., Khemlani, S.S., Toward a unified theory of reasoning.
Psychology of Learning and Motivation, 59(1) (2014), 1–42.

[4] Waits, B., Instead of an introduction , ACDCA Proceedings Porotoz (2000).

[5] Wing, J. M., Computational thinking and thinking about computing, Philo-
sophical Transactions of the Royal Society A: Mathematical, Physical and Engi-
neering Sciences 366 (1881): 3717 (2008).
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Vector space Generated by the Multiplicative
Commutators of a Division Ring

Mehdi Aaghabali

The University of Edinburgh, UK
mehdi.aaghabali@ed.ac.uk

Saieed Akbari

Sharif University of Technology, Iran
s akbari@sharif.edu

Masoud Ariannejad

University of Zanjan, Iran
arian@znu.ac.ir

Asghar Madadi

University of Zanjan, Iran
as.madadi@yahoo.com

Let D be a division ring with center F . An element of the form xyx−1y−1 ∈ D
is called a multiplicative commutator. Let T (D) be the vector space over F
generated by all multiplicative commutators in D. In this paper it is shown that
if D is algebraic over F and Char(D) = 0, then D = T (D). We conjecture that
it is true in general. Among other results it is shown that in characteristic zero
if T (D) is algebraic over F , then D is algebraic over F .

[1] Akbari, S., Ariannejad, M., Mehrabadi, M.L., On additive commutator groups
in division rings, Results Math., Vol. 33 (1998) 9–21.

[2] Ariannejad, M., Some studies on additive commutator groups in division rings,
Bulletin of the Iranian Math. Society, Vol. 26, No. 1 (2000) 1–6.

[3] Chebotar, M.A., Fong, Y., Lee, P.H., On division rings with algebraic com-
mutators of bounded degree, Manuscripta Math., Vol. 113 (2004) 153–164.

[4] Chiba, K., Skew fields with a non-trivial generalized power central rational
identity, Bull. Australian Math. Soc., Vol. 49 (1994) 85–90.

[5] Herstein, I.N., Multiplicative commutators in division rings, Israel Jornal of
Math., Vol. 131, No. 2 (1978) 180–188.

[6] Herstein, I.N., Multiplicative commutators in division rings II, Rend.Circ.
Mat. Palermo II, 29 (1980) 485–489.
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[7] Herstein, I.N., Procesi, C., Schacher, M., Algebraic valued functions of non-
commutative rings, Journal of Algebra, Vol. 36 (1975) 128–150.

[8] Lam, T.Y., A First Course in Noncommutative Rings, 2nd Ed, GTM, No.
131, Springer-Verlage, New York, 2001.

[9] Rowen, L.H., Ring Theory, Student Edition, Academic Press, Boston, 1991.

The population growth modeled by a FDE

Ricardo Almeida

University of Aveiro, Portugal
ricardo.almeida@ua.pt

In this talk we consider a Caputo type fractional derivative with respect to an-
other function. Several properties are studied, like the semigroup law, a rela-
tionship between the fractional derivative and the fractional integral, etc. A
numerical method to deal with such operators is presented, which consists in
approximating the fractional derivative by a sum depending on the first-order
derivative only. With some examples, we show the efficiency and applicability
of the method. We end with an application of the fractional derivative, by con-
sidering a Population Growth Model, and showing that by considering different
kernels for the fractional operator, we can model more accurately the process.

[1] R. Almeida, N.R.O. Bastos and M.T.T. Monteiro, Modelling some real phe-
nomena by fractional differential equations. Meth. Appl. Sci. (in press)

On finite groups which are sums of conjugates of three
cyclic subgroups

Czes law Bagiński

Bialystok University of Technology, Poland
c.baginski@pb.edu.pl

It is wel known (see B. Huppert, Endliche Gruppen, Satz II.8.5a) that if F is a
finite field then in the group G = PSL2(F) there exist three cyclic subgroups 〈x〉,
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〈y〉, 〈z〉 such that

G =
⋃
g∈G

(〈x〉g ∪ 〈y〉g ∪ 〈z〉g) (1)

Motivated by some problems concerning actions of finite groups on closed Rie-
mann surfaces with many fixed points we give a more systematic study of finite
groups satysfying (1).
The talk is based on a common work with G. Gromadzki (University of Gdansk).
Acnowledgement. The contribution of the author was supported by the Bia-
lystok University of Technology grant S/WI/1/2014 and founded from the sources
for research by Ministry of Science and Higher Education.

Stability and stabilization of linear systems
with delays on time scales

Zbigniew Bartosiewicz

Bialystok University of Technology, Faculty of Computer Science, Poland
z.bartosiewicz@pb.edu.pl

Juri Belikov

Tallinn University of Technology, Estonia
jbelikov@cc.ioc.ee

This paper provides necessary and sufficient conditions for the exponential sta-
bility of a linear time-delay control system defined on a homogeneous time scale
of the form

x∆(t) = A0x(t) +

∫ 0

−h
[∆N(ξ)]x(t+ ξ) +Bu(t).

Conditions are formulated in terms of the characteristic equation associated to
the system, which is obtained by applying the Laplace transform to the system.
This characterization is then used to develop feedback stabilizability criteria.
The results extend criteria developed by L. Pandolfi in [1] for continuous-time
systems to the systems on time scales and criteria developed in [2] for systems
without delays on times scales to systems containing delays.

The work done in the framework of project S/WI/1/2016 and financed by the
Ministry of Science and Higher Education.

[1] L. Pandolfi, On feedback stabilization of functional differential equations, Boll.
Un. Mat. Ital. 12 (4) (1975) 626–635.
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[2] Z. Bartosiewicz, E. Piotrowska, M. Wyrwas, Stability, stabilization and ob-
servers of linear control systems on time scales, in: Proc. IEEE Conf. Decision
and Control, New Orleans, LA, USA, 2007, pp. 2803–2808.

Stability of linear discrete systems with constant
coefficients and single delay

Jaromı́r Baštinec, Kristýna Mencáková

Brno University of Technology, Czech Republic
bastinec@feec.vutbr.cz, xmenca01@stud.feec.vutbr.cz

Recently, the investigation of the properties of linear difference systems with
delay has been receiving much attention.
We deal with the exponential stability of linear difference systems with constant
coefficients and single delay

x (k + 1) = Ax (k) +Bx (k −m) , k = 0, 1, . . . (2)

where A, B are n×n constant matrices, x = (x1, . . . , xn)T : {−m,−m+1, . . . } →
Rn, and m ∈ N. Exponential-type stability and an exponential estimate of the
norm of solutions are derived.

We use the norm |x| =

(
n∑
i=1

x2
i

)1/2

for a vector x. Denote by ρ(A) the spec-

tral radius of the matrix A, by λmax (A), λmin (A) the maximum and minimum
eigenvalues of a symmetric matrix A and set ϕ (A) := λmax (A)/λmin (A). For a

matrix B, we use the norm |B| =
(
λmax

(
BTB

))1/2
. We assume |A| + |B| > 0,

i.e., we assume system (2) is not degenerated.
A trivial solution x(k) = 0, k = −m,−m + 1, . . . of (2) is Lyapunov stable if,
for arbitrary ε > 0, there exists δ (ε) > 0 such that, for any other solution x (k),
we have |x (k)| < ε for k = 0, 1, . . . and ‖x (0)‖m < δ (ε) where ‖x (0)‖m :=
max {|x (i)|, i = −m,−m+ 1, . . . , 0}.
The trivial solution of system (2) is called Lyapunov exponentially stable if there
exist constants N > 0 and θ ∈ (0, 1) such that, for an arbitrary solution x = x(k)
of (2),

|x(k)| ≤ N‖x(0)‖mθk, k = 1, 2, . . . .

We investigate the exponential stability of (2) by the second Lyapunov method.
We use the well-known assertion that the linear system

x (k + 1) = Ax (k) , k = 0, 1, . . .
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is exponentially stable if and only if, for an arbitrary positive definite symmetric
n× n matrix C, the matrix equation

ATHA−H = −C (3)

has a unique solution - a positive definite symmetric matrix H. The following
result on stability holds.

Theorem Let ρ(A) < 1, C be a fixed positive definite symmetric n × n matrix,
matrix H solves the corresponding Lyapunov matrix equation (3), and

Li(H) > 0, i = 1, 2, 3

where

L1(H) :=λmax(H)− λmin(C) + |ATHB|,
L2(H) :=λmin(H)− ϕ(H)

[
|ATHB|+ |BTHB|

]
,

L3(H) :=λmin(C)−
(
1 + ϕ2(H)

)
|ATHB| − ϕ2(H)|BTHB|.

Then, the system with delay (2) is Lyapunov stable.

Exponential stability result is following.

Theorem Let ρ(A) < 1, C be a fixed positive definite symmetric n × n matrix,
let matrix H solve the corresponding Lyapunov matrix equation (3), and, for a
fixed γ > 1, let

L1(H) > 0, L2(H, γ,m) > 0, L3(H, γ,m) > 0

where

L2(H, γ,m) :=λmin(H)− γm+1ϕ(H)
[
|ATHB|+ |BTHB|

]
,

L3(H, γ,m) :=λmin(C)− |ATHB| − γ − 1

γ
λmax(H)

− γmϕ2(H)
(
|ATHB|+ |BTHB|

)
.

Then, the system with delay (2) is exponentially stable and, for an arbitrary
solution x = x(k), the estimate

|x(k)| ≤
√
ϕ(H) ‖x(0)‖m γ−k/2, k ≥ 1

holds.
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On reflexive generalized inverses of products of Fredholm
operators

Grażyna Ciecierska

University of Warmia and Mazury in Olsztyn, Poland
grac@matman.uwm.edu.pl

We consider reflexive generalized inverses [1] of linear Fredholm operators on
arbitrary linear spaces and address the question of when the product of reflexive
generalized inverses of two fixed Fredholm operators, in reverse order, is again
a reflexive generalized inverse of the product of the operators. Our approach is
based on results of the theory of determinant systems [2, 4, 5]. We rely on a
description of a reflexive generalized inverse of a Fredholm operator using terms
of a determinant system for the operator. Given Fredholm operators A ∈ L(Y, Z),
B ∈ L(X,Y ), applying the tools provided by the theory of determinant systems
leads to a sufficient condition under which the set (AB){1, 2} of all reflexive
generalized inverses ({1, 2}–inverses) of AB includes the set B{1, 2}A{1, 2} [6,
7, 8]. The obtained result is a generalization of the A. Buraczewski’s condition
formulated in [3] for Fredholm endomorphisms.

[1] Ben–Israel, A., Greville, T. N. E., Generalized Inverses. Theory and Applica-
tions, Springer–Verlag, New York 2003.

[2] Buraczewski, A., The determinant theory of generalized Fredholm operators,
Stud. Math. 22 (1963), 265–307.

[3] Buraczewski, A., Determinant system for composite of generalized Fredholm
operators, Stud. Math. 34 (1970), 197–207.

[4] Buraczewski, A., Sikorski, R., Analytic formulae for determinant systems in
Banach spaces, Stud. Math. 67 (1980), 85–101.

[5] Ciecierska, G., An application of Plemelj-Smithies formulas to computing
generalized inverses of Fredholm operators, J. Appl. Math. Comp. Mech. 14
(2015), no. 1, 13–26.

[6] Cvetković-Ilić, D. S., Nikolov, J., Reverse order laws for reflexive generalized
inverses, Linear Multilinear Algebra 63 (2015), no. 6, 1167–1175.

[7] De Pierro, A. R., Wei, M., Reverse order law for reflexive generalized inverses
of products of matrices, Linear Algebra Appl. 277 (1998), 299–311.
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[8] Korporal, A., Regensburger, G., On the product of projectors and generalized
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Darboux transformations for integrable systems
on time scales

Jan L. Cieśliński
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We study a class of integrable systems for which integrable discretization is ob-
tained by relatively simple and natural discretization of the corresponding Lax
pair [1]. This class includes pseudospherical surfaces and isothermic surfaces. In
such cases a generalization on arbitrary time scales is quite straightforward, usu-
ally including the construction of the Darboux transformation [2]. We present
in detail the case of the sine-Gordon equation and pseudosherical surfaces [4].
Further perspetives of our approach, e.g., isothermic surfaces on time scales are
indicated. We point out interesting features of soliton solutions (i.e., solutions
generated by the Darboux transformation) on arbitrary time scales. They are
expressed by delta-exponential function or Cayley-exponential function [3] and,
in general, they do not have to be solitary waves [4].

[1] Cieśliński, J.L., Geometry of submanifolds derived from spin-valued spectral
problems, Theor. Math. Phys. 137 (2003), 1396–1405.

[2] Cieśliński, J.L., Pseudospherical surfaces on time scales: A geometric defini-
tion and the spectral approach, J. Phys. A: Math. Theor. 40 (2007), 12525–
12538.

[3] Cieśliński, J.L., New definitions of exponential, hyperbolic and trigonometric
functions on time scales, J. Math. Anal. Appl. 388 (2012), 8-22.

[4] Cieśliński, J.L., Nikiciuk, T., Waśkiewicz, K., The sine-Gordon equation on
time scales, J. Math. Anal. Appl. 423 (2015), 1219–1230. 220–226.
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Solving Regularity of Markov Chains
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We present a method for solving whether a Markov chain, represented by a matrix
M with n rows and n columns, is regular, i.e., there exists natural number p such
that all positions of the p-th power of M are positive. It is proved that to decide
whether such an exponent p exists, it is sufficient to analyze only powers of the
matrix M for exponents not exceeding P(n), where P(n) is a polynomial of
degree 4.
Acknowledgments: the contribution of W. Danko was supported by the Bialystok
University of Technology grant S/W/1/2014 and founded from the resources for
research by Ministry of Science and Higher Education.

[1] Danko, W., Sawicka, A., Danko W., On Effective Algorithms Solving Regu-
larity of Markov Chains, to appear.

[2] Feller W., An Introduction to Probability Theory and Its Applications, John
Willey and Sons, Inc., New York, London (1961).

[3] Josifescu M., Finite Markov Processes and Their Applications, John Willey
& Sons, New York, London (1988).

[4] Snell Laurie J., Introduction to Probability, Random House, Inc., New York
(1988).
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Some generalizations of prime preradicals over associative
rings

Ahmad Yousefian Darani
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Let R be an associative ring with identity, and R-Mod denotes the category of all
the unitary left R-modules. A preradical over the ring R is a subfunctor of the
identity functor on R-Mod. We denote by R-pr the class of all preradicals over
R. There is a natural partial ordering in R-pr given by σ � τ if σ(M) ≤ τ(M)
for every M ∈ R-Mod. Then, by [2], with this partial ordering, R-pr is an atomic
and co-atomic big lattice.
In [1], Raggi et al. defined the notions of prime preradicals and prime submodules.
Let σ ∈ R-pr. σ is called prime in R-pr if σ 6= 1 and for any τ, η ∈ R-pr, τ η � σ
implies that τ � σ or η � σ. Let M ∈ R-Mod and let N 6= M be a fully invariant
submodule of M . The submodule N is said to be prime in M if whenever K, L
are fully invariant submodules of M with K · L ≤ N , then K ≤ N or L ≤ N .
We generalize the notions of prime preradicals and 2-absorbing submodules. The
preradical σ ∈ R-pr is called 2-absorbing if σ 6= 1 and, for each η, µ, ν ∈ R-pr,
ηµν � σ implies that ηµ � σ or ην � σ or µν � σ. Let M ∈ R-Ass and let
N 6= M be a fully invariant submodule of M . The submodule N is said to be
2-absorbing in M if whenever J,K,L are fully invariant submodules of M with
J ·K · L ≤ N , then J ·K ≤ N or J · L ≤ N or L ·K ≤ N .
In this talk we discuss on 2-absorbing preradicals and submodules.

[1] Raggi, F., Ŕıos, J., Rincón, H., Fernández-Alonso, R., Signoret, C., Prime
and irreducible preradicals, J. Algebra Appl. 4(4)(2005), 451-466.

[2] Raggi, F., Ŕıos, J., Rincón, H., Fernández-Alonso, R., Signoret, C., The lattice
structure of preradicals, Comm. Algebra 30(3) (2002), 1533-1544.
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Some remarks on mathematical model of photosynthesis
process in leaf, the interaction between two leaves
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In paper [1] the process of photosynthesis in leaves is described by the system of
equations

x′1(t) = A(ϕ(t))x1(t)z1(t)− ax1(t)y1(t)
y′1(t) = ([ϕ(t)−A(ϕ(t))y1(t)]z1(t)

−by1(t) + ay1(t)2
)
1(0,C)(y1(t))

z′1(t) = kQw(t)
1+kw(t) − γϕ(t)x1(t)z1(t)

(4)


x′2(t) = A(ϕ(t)− λx1(t))x1(t)z2(t)− ax2(t)y2(t)
y′2(t) = ([ϕ(t)− λx1(t)−A(ϕ(t)− λx1(t))y2(t)]z2(t)

−by2(t) + ay2(t)2
)
1(0,C)(y2(t))

z′2(t) = kQw(t)
1+kw(t) − γ(ϕ(t)− λx1(t))x2(t)z2(t)

(5)

where

w(t) =
x1(t)t1(t)

x2(t)y2(t)
. (6)

The variables x1, y1 denote respectively the surface and the thickness of peripheral
leaf, whereas z1 the mineral salt content in this leaf. The variables x2, y2, z2

describe the same parameters of shaded leaf.
The function ϕ describes the degree of leaf insolation. It is the periodic function
with period one day. It is positive only at day time.
Let

X = {u : [0, 1]→ R6 : u = (x1, y1, z1, x2, y2, z2) satisfies (4)–(6)}.

System (4)–(6) generates the discrete-time dynamical system on the space X.
The properties of this dynamical system will be presented.

[1] A.L. Dawidowicz, A. Poskrobko, J.L. Zalasiński, Mathematical Model of Pho-
tosynthesis Process in Leaf, The interaction between two leaves, Proc. of XX
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Solutions of the q– and (q, h)–difference Schrödinger
equation

Alina Dobrogowska

University of Bia lystok, Poland
alina.dobrogowska@uwb.edu.pl

The purpose of this talk is to present some results concerning factorization
method applied to the second order q– and (q, h)–difference operators. The equa-
tion of this type can be regarded as an alternate discretization of the second order
differential equations including Schrödinger equation. We present certain classes
of second order q- and (q, h)–difference operators, which admit factorization into
first order operators acting in a Hilbert space. Solutions of the q-deformed
Schrrödinger equation are presented for the following potentials: shifted oscil-
lator, isotropic oscillator, Morse potentials. We also discuss classical limit case
by letting h→ 0 and q → 1.

[1] Dobrogowska, A., Odzijewicz, A., Second order q-difference equations solvable
by factorization method, J. Comput. Appl. Math. 193 (2006), 319-346.

[2] Dobrogowska, A., Odzijewicz, A., Solutions of the q-deformed Schrd̈inger
equation for special potentials, J. Phys. A: Math. Theor. 40 (2007), 2023-2036.

[3] Dobrogowska, A., The q-deformation of the Morse potential, Appl. Math.
Lett. 26 (2013), 769-773.

[4] Dobrogowska, A., The q-deformation of Hyperbolic and Trigonometric Poten-
tials, Int. J. Difference Equ. 9 (2014), 45-51.

[5] Dobrogowska, A., Jakimowicz, G., Factorization method applied to the second
order q-difference operators, Appl. Math. Comput. 228 (2014), 147-152.

[6] Dobrogowska, A., Jakimowicz, G., Factorization Method for (q, h)-Hahn Or-
thogonal Polynomials, Geometric Methods in Physics, Part of the series Trends
in Mathematics, Springer International Publishing Switzerland, Birkhäuser Basel
(2015), 237-246.
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[7] Hilger, S., Filipuk, G., Kycia, R., Dobrogowska, A., On the (q, h)-Dis-
cretization of Ladder Operators, Int. J. Difference Equ. 9 (2014), 67-76.

Non-commutative q-P-VI

Adam Doliwa
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We propose a difference system with totally non-commuting dependent vari-
ables, which in the commutative reduction goes to q-P-VI system by Jimbo
and Sakai [1]. We present complete derivation of the system starting from non-
commutative discrete KP equation. At the intermediate step of the reduction
procedure we obtain [2] a non-isospectral extension of the (non-commutative)
non-autonomous discrete mKdV equation. The non-isospectral factor plays a
crucial role in recovering all the parameters in the q-P-VI system.

[1] Jimbo, M., Sakai, H., A q-analog of the sixth Painlevé equation, Lett. Math.
Phys. 38 (1996) 145–154.

[2] Doliwa, A., Non-commutative lattice modified Gel’fand-Dikii systems, J. Phys.
A: Math. Theor. 46 (2013) 205202.

[3] Doliwa, A., Non-commutative q-Painlevé VI equation, J. Phys. A: Math.
Theor. 47 (2014) 035203.

Branchwise commutative pseudo-BCI-algebras
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The concept of pseudo-BCI-algebras has been introduced as a generalization of
BCI-algebras as well as pseudo-BCK-algebras. Pseudo-BCI-algebras are algebraic
models of some extension of a non-commutative version of the BCI-logic. These
algebras have also connections with other algebras of logic such as pseudo-BL-
algebras and pseudo-MV-algebras.
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A pseudo-BCI-algebra is a structure (X;≤,→,;, 1), where ≤ is binary relation
on a set X, → and ; are binary operations on X and 1 is an element of X such
that for all x, y, z ∈ X, we have

(a1) x→ y ≤ (y → z) ; (x→ z), x; y ≤ (y ; z)→ (x; z),

(a2) x ≤ (x→ y) ; y, x ≤ (x; y)→ y,

(a3) x ≤ x,

(a4) if x ≤ y and y ≤ x, then x = y,

(a5) x ≤ y iff x→ y = 1 iff x; y = 1.

Every pseudo-BCI-algebra satisfying x → y = x ; y for all x, y ∈ X is a
BCI-algebra and every pseudo-BCI-algebra satisfying x ≤ 1 for all x ∈ X is a
pseudo-BCK-algebra.
In a pseudo-BCI-algebra X we have so called branches of X, that is, sets V (a) =
{x ∈ X : x ≤ a}. For example, a pseudo-BCK-algebra has only one branch. A
branchwise commutative pseudo-BCI-algebra X is defined as algebra satisfying
identities:

(x→ y) ; y = (y → x) ; x,

(x; y)→ y = (y ; x)→ x

for all x and y belonging to the same branch of X. If we consider these identities
for all x, y ∈ X, then X becomes a pseudo-BCK-algebra.
We give many characterizations of a branchwise commutative pseudo-BCI-
algebra. For example, a pseudo-BCI-algebra is branchwise commutative if and
only if every branch is a semilattice under some operation. Moreover, the class
of branchwise commutative pseudo-BCI-algebras forms a variety. Finally, we
present some congruence property of the variety of branchwise commutative
pseudo-BCI-algebras.

[1] Dudek, W.A., Jun, Y.B., Pseudo-BCI algebra, East Asian Math. J. 24 (2008),
187–190.

[2] Dymek, G., On two classes of pseudo-BCI-algebras, Discuss. Math. Gen.
Algebra Appl. 31 (2011), 217–230.
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Mittag-Leffler-Hyers-Ulam Stability of nonlinear integral
equations
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The stability theory for functional equations started with a problem related to
the stability of group homomorphism that was considered by Ulam in 1940 ([15]).
An affirmative answer to question of Ulam was given by Hyers ([2]) for the case
of Banach spaces. This answer, in this case, says that the Cauchy functional
equation is stable in the sense of Hyers-Ulam.
In 1950, T. Aoki([1]) was the second author to treat this problem for additive
mapping.
In 1978, Th. M. Rassias [13] generalized the theorem of Hyers by considering the
stability problem with unbounded Cauchy differences. In fact, he has introduced
a new type of stability which is called the Hyers-Ulam-Rassias stability.
The fractional differential equations are useful tools in the modelling of many
physical phenomena and processes in economics, chemistry, aerodynamics, etc.
(for more details see [6, 7, 8 and 14]). In many cases it is very difficult to give
a satisfactory description of solutions to such an equation and it is much easier
to provide a description of approximate solutions. So, there arises a natural
question when we can replace an approximate solution by an exact solution to
the equation and what error we thus commit. Some convenient tools to study
such dependence can found in the theory of Ulam’s (also the Hyers-Ulam) type
stability.
The concept of stability for a functional equation arises when we replace the
functional equation by an inequality which acts as a perturbation of the initial
equation (see [9, 10, 11 and 12). Recently some authors ([3, 4, 5, 16, 17, 18, 19
and 20]) extended the Ulam stability problem from an integer-order differential
equation to a fractional-order differential equation.
In this talk we present both the Mittag-Leffler-Hyers-Ulam stability and the
Mittag-Leffler-Hyers-Ulam-Rassias stability for the following fractional Volterra
type integral equations with delay of the form

y(x) = Iqc+f(x, x, y(x), y(α(x))) =
1

Γ(q)

∫ x

c

(x− τ)q−1f(x, τ, y(τ), y(α(τ)))dτ,

(7)
where q ∈ (0, 1), Iqc+ is the fractional integral of the order q, Γ(.) is the Gamma
function, a, b and c are fixed real numbers such that −∞ < a ≤ x ≤ b < +∞,
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and c ∈ (a, b). Also f : [a, b] × [a, b] × R × R → R is a continuous function and
α : [a, b] → [a, b] is a continuous delay function which fulfils α(x) ≤ x, for all
x ∈ [a, b].

[1] Aoki, T., On the stability of the linear transformation in Banach spaces, J.
Math. Soc. Japan 2 (1950), 64–66.

[2] Hyers, D. H., On the stability of the linear functional equation, Proc. Natl.
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domain, Abstr. Appl. Anal. 2012 (2012), 1–8.
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tion in the unit disk, Abstr. Appl. Anal. 2012 (2012), 1–10.

[6] Kilbas A. A. , Srivastava H. M., Trujilo J. J., Theory and Applications of
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Elsevier Science B. V., Amsterdam (2006).
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ential Equations, John Willey, New York (1993).
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mappings, J. Func. Anal. 46 (1) (1982), 126–130.
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(1989), 268–273.

[11] Rassias J. M., On the stability of the non-linear Euler-Lagrange functional
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(2008), 77–107.
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Criterions of ν-similarity for one- and two-dimensional
birth-death processes
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The aim of this note is to exploit ν-similarity of birth-and-death processes in one-
and two-dimensional cases. In particular, a necessary condition for two processes
being similar by obtaining relations between their birth and death rates is derived.
We analyze situation for ν-similar birth-death processes, what is a generalization
of the previous results for similar birth-and-death processes. In our case birth
and death rates of two ν-similar processes are state-dependent ones. Examples
to illustrate certain notions are provided.
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On the factorization of certain (q, h)-difference equations
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In this talk I shall consider a family of ladders in the (q;h)-Weyl algebra, which
gives a factorization of certain second order difference equations. This is a joint
work with S. Hilger (KU Eichstaett-Ingolstadt).

[1] Filipuk, G., Hilger, S., Hermite type ladders in q-Weyl algebras, submitted
(2016).

Bifurcations and applications of the general
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We consider the Liénard dynamical system

ẋ = y, ẏ = −g(x)− f(x)y. (1)

There are many examples in the natural sciences and technology in which this
and related systems are applied. Such systems are often used to model either me-
chanical or electrical, or biomedical systems, and in the literature, many systems
are transformed into Liénard type to aid in the investigations [1–4].
Suppose that system (1), where f(x) and g(x) are arbitrary polynomials of x,
has an anti-saddle (a node or a focus, or a center) at the origin and write it in
the form

ẋ = y, ẏ = −x (1 + a1 x+ . . .+ a2l x
2l) + y (α0 + α1 x+ . . .+ α2k x

2k). (2)
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Generalizing our results on Liénard polynomial systems [2, 3] and applying canon-
ical systems with field rotation parameters [1], we study limit cycle bifurcations
of (2) and prove the following theorem [4].

Theorem. The general Liénard polynomial system (2) has at most k + l + 1
limit cycles, k+ 1 surrounding the origin and l surrounding one by one the other
singularities of (2).

[1] Gaiko, V.A., Global Bifurcation Theory and Hilbert’s Sixteenth Problem,
Kluwer, Boston, 2003.

[2] Gaiko, V.A., On limit cycles surrounding a singular point, Differ. Equ. Dyn.
Syst. 20 (2012), 329–337.

[3] Gaiko, V.A., The applied geometry of a general Liénard polynomial system,
Appl. Math. Letters 25 (2012), 2327–2331.

[4] Gaiko, V.A., Maximum number and distribution of limit cycles in the general
Liénard polynomial system, Adv. Dyn. Syst. Appl. 10 (2015), 177–188.

On a global invertibility of locally Lipschitz maps via
nonsmooth critical point theory

Marek Galewski

Technical University of Lodz, Poland
marek.galewski@p.lodz.pl

Marius Rădulescu
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In this talk we aim at discussing the locally Lipschitz version of the well known
Hadamard-Palais theorem on a global diffeomorphism of mappings in finite di-
mensional Banach spaces. We coin together local invertibility results and the
non-smooth mountain pass technique in order to prove our main result

Theorem 1. Assume f : Rn → Rn is a locally Lipschitz mapping such that
(b1) for any y ∈ Rn the functional ϕy : Rn → R defined by

ϕy (x) =
1

2
‖f (x)− y‖2
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is coercive;
(b2) for any x ∈ Rn we have that ∂f(x) (where ∂f(x) denotes the collection of all
generalized directional derivative of f at the point x ∈ Rn in the sense of Clarke)
is of maximal rank.
Then f is invertible on Rn and f−1 is locally Lipschitz.

We show also that similar ideas can be used to get the global diffeomorphism for
not necessarily C1 mappings.

[1] F. H. Clarke, On the inverse function theorem. Pacific J. Math. 64 (1976)
97-102.

[2] G. Katriel, Mountain pass theorems and global homeomorphism theorems,
Annales de l’I. H. P., tome 11, no. 2 (1994), 189-209.

[3] R. S. Palais, Natural Operations on Differential Forms, Trans. Am. Math.
Soc., 92 (1959), 125–141.

[4] S. Rădulescu, M. Rădulescu, Local inversion theorems without assuming con-
tinuous differentiability, J. Math. Anal. Appl. 138, No.2, 581-590 (1989).

[5] D. Sun, A further result on an implicit function theorem for locally Lipschitz
functions, Oper. Res. Lett. 28, No.4, 193-198 (2001).
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We study the Cucker-Smale model on isolated time scales. This dynamical sys-
tem models a consensus of emergence in a population of autonomous agents.
Presented results establish conditions under which such consensus occurs.
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Equations with separated variables on time scales
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We study the uniqueness of solutions of equations with separated variables on
time scales. We present some counterexamples showing that, in general the clas-
sical theory for these equations is not valid on time scales, even under some
additional assumptions.

Change of variables and factorization method for second
order functional equations

Tomasz Goliński

University of Bia lystok, Poland
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We discuss some aspects of the theory of equations of the form

α(x)ψ(τ(x)) + β(x)ψ(x) + γ(x)ψ(τ−1(x)) = λψ(x)

generated by a bijection τ : X → X of the real line subset X ⊂ R. The equa-
tions of this type can be regarded as an alternate discretization of the second
order differential equations including Schrödinger equation and generalization of
difference, q-difference, and (q, h)-difference equations. They also emerge from
the change of variables in difference equations.

Our approach is based on τ -difference and τ -integral calculus, which is a direct
generalization of the standard one and is ideologically related to the analysis
on time scales. This gives us a possibility to generalize the factorization method
elaborated effectively by many authors in the differential or difference cases. This
method can be applied in q-case and due to generality of τ has the benefit that
it is equivariant under the change of variables.
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We introduce and study Hilbert spaces with the scalar product given by τ -integral
and the chain of eigenproblems for operators acting in these Hilbert spaces. For-
mulas for the transformation of Hilbert spaces, eigenproblems and parametrizing
functions under a change of variables are also presented.

[1] Goliński, T., Odzijewicz A., Factorization method for second order functional
equaitons, J. Comput. and Appl. Math. 176 (2005), 1220–1226.

[1] Dobrogowska A., Goliński, T., Odzijewicz A., Change of Variables in Factor-
ization Method for Second-order Functional Equations, Czech. J. Phys. 54:1257-
1263 (2004).

On skew derivations with algebraic invariants

Piotr Grzeszczuk

Bialystok University of Technology, Poland
piotrgr@pb.edu.pl

In [1], it is shown that if a semisimple complex Banach algebra A contains an
element whose centralizer is algebraic, then A must be finite dimensional. This is
generalized in [2], where it is proved that if a semiprime Banach algebra A, over
either R or C, has an algebraic derivation or automorphism which is continuous
and has algebraic invariants, then A is finite dimensional.

In light of the results in [1] and [2], two natural questions arise, one dealing with
Banach algebras and the other of a purely algebraic nature.

1. If A is a semiprime Banach algebra with a continuous q-skew σ-derivation δ
such that the invariants are algebraic, where both δ and σ are algebraic, must A
be finite dimensional?

2. IfA is a semiprime algebra with a q-skew σ-derivation δ such that the invariants
are algebraic of bounded degree, where both δ and σ are algebraic, must A be
finite dimensional or at least algebraic of bounded degree?

In the results below, Aδ denotes the invariants of δ in A, that is Aδ = ker δ. The
first question is answered in the following theorem ([3]):

Theorem 1. Let A be a semiprime Banach algebra over R or C with continuous
q-skew σ-derivation δ, where both δ and σ are algebraic. Then the following
conditions are equivalent:
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1. Aδ is algebraic,
2. Aδ/P (Aδ) is algebraic, where P (Aδ) is the intersection of the prime ideals of
Aδ,
3. Aδ/P (Aδ) is finite dimensional,
4. A is finite dimensional.

The second question is answered in the following theorem ([3]):

Theorem 2. Let A be a semiprime K-algebra with a q-skew σ-derivation δ, where
both both δ and σ are algebraic over K, such that Aδ is algebraic of bounded degree
and degK(Aδ) + 1 < card(K).
1. Then A is also algebraic of bounded degree and is a finite direct sum of central
simple algebras.
2. In addition, if K is perfect, then A is finite dimensional over K.

The talk is based on a common work [3] with Jeffrey Bergen (DePaul University)

Acknowledgments. The contribution of Piotr Grzeszczuk was supported by
the Bialystok University of Technology grant S/WI/1/2014 and founded by the
resources for research by Ministry of Science and Higher Education.
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Analysis of stability of demand-inventory model with
stock-level-dependent demand using linearization
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An analysis of dynamics of demand-inventory model with stock-level-dependent
demand formulated with a system of three first order difference equations with
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three parameters is presented. The origin, rules, assumptions and example of
application are presented. After reformulation of the model to the form of two
difference equations the techniques of linearization are applied. Positive invari-
ant set is constructed. Conditions for asymptotical stability of fixed points are
provided and commented with economical interpretation.

[1] Hachula, P., Nockowska-Rosiak, M., Schmeidel, E., Stability of Equilibrium
Points of Demand-Inventory Model with Stock-Dependent Demand, (submitted
for publication).

Generalized pendulum systems with prescribed number of
limit cycles surrounding cylinder
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We consider on a cylinder Z := {(ϕ, y) : ϕ ∈ [0, 2π], y ∈ R} the generalized
pendulum system

dϕ

dt
= y,

dy

dt
=

l∑
j=0

hj(ϕ, µ)yj , l ≥ 3, hl(ϕ, µ) 6= 0 (8)

depending on the real parameter µ ∈ I ⊆ R. We assume that the functions
hj : R × I → R, 0 ≤ j ≤ l, are continuous, and continuously differentiable and
2π-periodic in the first variable. The most difficult problem in the qualitative
investigation of system (8) is the localization and estimation of the number of
limit cycles which represent isolated closed orbits of (8) with finite primitive
period [1]. Our goal is to show how Dulac-Cherkas functions [2] can be used
to construct systems (8) having a prescribed maximum number of limit cycles
surrounding the cylinder and to control their bifurcations in dependence on the
parameter µ. In particular we get the following result.

Theorem 2. From the limit cycle Γ(0) := {(ϕ, y) ∈ Z : y = −1} of multiplic-
ity three of the system (8) in the case h0(ϕ, µ) = 1

2 (1 + µ cosϕ)
[
2h3(ϕ, µ)(1 +

µ cosϕ)2 +µ(sinϕ−3h3(ϕ, µ))
]
, h1(ϕ, µ) = 3

2

[
2h3(ϕ, µ)(1 +µ cosϕ)2 +µ(sinϕ−
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h3(ϕ, µ)
]
, h2(ϕ, µ) = 3h3(ϕ, µ)(1 +µ cosϕ) there bifurcates a unique simple limit

cycle surrounding the cylinder for decreasing µ, there bifurcate three simple such
limit cycles for increasing µ. In this case system (8) has no any limit cycle
belonging to another kind.

[1] Andronov A.A., Vitt A.A., Haikin S.E., Theory of oscillations, Nauka,
Moscow, 1981.

[2] Cherkas L.A., Grin A.A., Schneider K.R., A new approach to study limit
cycles on a cylinder, Dynamics of continuous, discrete and impulsive systems
Series A: Mathematical Analysis 18 (2011), 839–851.

Tree Isomorphism Problem
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Bia lystok University of Technology, Poland
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Let G1 = (V1, E1) and G2 = (V2, E2) be graphs. A mapping φ : V1 → V2 is called
a graph isomorphism if and only if ∀u, v ∈ V1 (u, v) ∈ E1 ⇐⇒ (φ(u), φ(v)) ∈
E2. In the talk we describe general graph isomorphism problem and discuss a
special case of it, when graphs G1 and G2 are trees, that is to say, both are acyclic
and connected. We focus on several special kinds of graphs i.e.

• rooted ordered trees,

• ordered trees,

• ordinary trees

and demonstrate some algorithms for solving tree isomorphism problem for all
this cases.

[1] Aho, A., Hopcrot, J., Ullman, J., The Design and Analysis of Computer
Algorithms Addison-Wesley (1974), 84–86.

[2] Valiente, G, Algorithms on Trees and Graphs, Springer-Verlag Berlin Heidel-
berg (2002), 151–251.
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On irreducible and square-free elements of subrings

Piotr Jȩdrzejewicz
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In this talk we present some results of a joint work with  Lukasz Matysiak and
Janusz Zieliński.

Let A be the algebra of polynomials in n variables over a field of characteristic
zero. Let R be a subalgebra generated by some r algebraically independent
polynomials, where r 6 n. By Sqf denote the set of square-free elements of a ring.
A generalization of the Jacobian Conjecture can be expressed in the following
form: if Sqf R ⊂ Sqf A, then R is algebraically closed in A. This motivates us
to analyze some similar properties of subrings connected with irreducible and
square-free elements.

[1] Jȩdrzejewicz, P., Zieliński, J., Analogs of Jacobian conditions for subrings,
arXiv:1601.01508.

[2] Jȩdrzejewicz, P., Matysiak,  L., Zieliński, J., On some factorial properties of
subrings, to appear.

Maneeals - a collection of line segments in a triangle

Jakub Kabat
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For any triangle ABC and any integer n we can choose points Dn, En, Fn on
the sides BC, AC, AB respectively, in such a manner that

|AC|n

|AB|n
=
|CDn|
|BDn|

,
|AB|n

|BC|n
=
|AEn|
|CEn|

,
|BC|n

|AC|n
=
|BFn|
|AFn|

.

Cevians ADn, BEn, CFn are said to be the Maneeals. The poster (based on a
joint work with Dasari Naga Vijay Krishna, ) will present some basic information
and a few properties of the Maneeals and related objects.
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On the Beidar - Mikhalev problem

Marek Kȩpczyk
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Let R be an associative ring and let R1, R2 be subrings of R such that R =
R1+R2, i.e. for every r ∈ R there exist r1 ∈ R1 and r2 ∈ R2 such that r = r1+r2.
In 1995 K. I. Beidar and A. V. Mikhalev stated the following problem: suppose
that R1 and R2 satisfy polynomial identities (shortly, are PI-rings), is then also
R a PI ring?
In this talk, some new results concerning the Beidar-Mikhalev problem will be
presented.
Acknowledgements. The contribution of Marek Kȩpczyk was supported by
the Bialystok University of Technology grant S/WI/1/2016 and founded by the
resources for research by Ministry of Science and Higher Education.

Lie point symmetries for isothermic immersions and
associated Lax pairs
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The non-parametric Lax pair for matrix so(4, 1) Gauss-Mainardi-Codazzi system
of isothermic immersions is considered, and the symmetries of the Lax pair, as
of the system itself, are obtained. Then the algorithm developed in [3] is used
to insert the ”good” (non-gaugeable) spectral parameter, in the sense of the
theory of integrable systems. Similiar steps are made in the case of the Clifford
representation of the GMC linear problem, with analogical results.

[1] P.J.Olver: Applications of Lie Groups to differential equations, second edition,
Springer-Verlag, Berlin Heidelberg New York, ISBN 3-540-94007-3, 1993.
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[2] J.L.Cieśliński, P.Goldstein, A.Sym: Isothermic surfaces in E3 as soliton sur-
faces, Phys. Lett. A 205 (1995) 37-43.

[3] J.L.Cieśliński, P.Goldstein, A.Sym: On integrability of the inhomogeneous
Heisenberg ferromagnet model: examination of a new test, J. Phys. A: Math.
Gen. 27 (1994) 1645-1664.

I know, that I don’t know - about how logic represents the
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Knowledge and belief play an important role in everyday life. Most of what
we do has to do with the things we know or believe. The similar situation is
when we talk about constructing artificial intelligence systems. The behavior of
artificial agents is a consequence of the knowledge they have. That’s why, one of
the most important tasks in the research on artificial intelligence is establishing
the representation of knowledge, but also its specification, implementation and
manipulation.
The aim of the presentation is to describe one of the formal ways of modelling
knowledge, which is the epistemic logic. The basic questions we discuss are
about properties which a modal operator of knowledge should have to reflect the
knowledge of agents in intelligence systems or processors in computer networks.
Consequently, it will let us to analyze and solve problems which are related to
the development of modern information technology.
During the presentation we will thoroughly discuss the language of epistemic
logic and its interpretation in Kripke (possible world) semantics. We also give
axiomatization of logical systems K and S5 and show soundness and completeness
theorems for them. All of this will be illustrated with examples.

[1] Meyer, J.-J. Ch., van der Hoek, W., Epistemic Logic for AI and Computer
Science, Cambridge University Press (1995).
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Invariance of domain and some related problems

Damian Komonicki
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During the talk, some problems concerning continuous functions between Eu-
clidean spaces will be discussed. The main purpose of the talk is to present an
interesting proof of Brouwer’s invariance of domain theorem, as established by
W. Kulpa and modified by T. Tao.

[1] Kulpa, W., Poincaré and domain invariance theorem, Acta Univ. Carol.,
Math. Phys. 39 (1998), No. 1-2, 127–136.

[2] https://terrytao.wordpress.com/

The small unbrought divizors over the integer polynomials

Iryna Korlyukova, Vasilii Bernik, Inna Morozova

Janka Kupala State University of Grodno, Belarus
Belarusian State Agrarian Technical University, Belarus

Institute of Mathematics, Belarus
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In many tasks of the metric theory of diophantine approximations there is a
problem with the given integer polynomials. The method of Gelfond of allocation
of not given factor is applied to her permission, as a rule. However at the same
time approximation accuracy is lost that doesn’t allow to solve a number of
delicate problems of the theory.

In this work we offer generalization and strengthening of a method of Gelfond.

Suppose that Pn(x) = anx
n+...+a1x+a0 is a polinomial with integer coefficients

aj , H = max1≤j≤n|aj | is the height of P (x). In the theory of Diophantine
approximations and the theory of transcendental numbers, many results are based
on the study of little value of |P (x)|. Using the Minkowski theorem on linear
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forms [1] it is easy to prove that inequality

ffl|P (x)| < H−w (9)

for w ≤ n and x ∈ R has an infinite number of solutions in integer polynomials.
Inequality (1) with w ≤ n almost not improving: there are x, for example,
x = n+1

√
2 in which |P (x)| > c(n)H−n. V. G. Sprindzuk [2] proved that if w > n

inequality (1) has infinitely many solutions only on the set B ∈ R of nonzero
Lebesgue measure (µB = 0). If in (1) the size of w grows, it is natural to expect
that the set B becomes less and less. However, in terms of measures is not
reflected. There is such a thing as the Hausdorff dimension, which is denoted by
dimB. Countable set has zero Hausdorff dimension. A. Baker and W. Schmidt

[3], V. I. Bernik [4] proved that dimB =
n+ 1

w + 1
. One of the highlights of the

proof of [4] was to improve Gelfond’s Lemma [5].

Lemma (Gelfond). Let |P (x)| < H−w and the polynomial P (x) is reducible

P (x) = t1(x) · ... · tk(x), tj(x) ∈ Z[x] (10)

and polynomials tj(x) are the degrees of irreducible integer polynomials. Then
if w > 6n there is 1 ≤ j ≤ k , for which

|tj(x)| < c(n)H−w+6n. (11)

In [4] Lemma of Gelfond has been improved: the inequality for w was weakened
to inequality w > 3n , and in (3) the exponent was brought to −w + 2n.

In this paper we improve the result of [4]. In theorem 1 we improved assessment
of small irreducible divisor in the case of decomposition of an integer polynomial
into the product of two factors.

Theorem 1. If P (x) = t1(x)t2(x) and |P (x) < Q−v, v ≥ 2n − 2, then
|t1(x)| � Q−v+n−1.

Suppose that |t1(x)| ≤ |t2(x)| and |tj(x)| � Q−n, i = 1, 2. Then if inequality

|P (x)| < Q−v is correct, we have v1 ≥ v2 = v − v1, v1 ≥
v

2
.

If v2 > n− 1 then min(v1, v2) ≥ v2 > n− 1. Using the facts from [2]

H(t1)n−n1H(t2)n1 � Qλ1(n−n1)+(1−λ1)n1
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. A function f(λ1, n1) = λ1(n − n1) + (1 − λ1)n1 defined in the rectangle
D1 = {1 ≤ n1 ≤ n− 1, 0 ≤ λ1 ≤ 1}.

Exploring function f on the highest value in the region D1, have

∂f

∂λ1
= n− 2n1,

∂f

∂n1
= −2λ1 + 1.

We find that the maximum value the function f reaches at points (0;n− 1) and
(1; 1), and this maximum value is n− 1. So max(|t1(x)|, |t2(x)|)� Qn+1.

From lemma [5] it follows that for sufficiently large Q the inequality v2 > n − 1
is true, which leads to a contradiction.

This means that v2 ≤ n − 1 and |t1(x)| � Q−v+n−1, which proves the theorem
1.

In theorem 2 we proved the corresponding estimate for the integral of the given
polynomial, which can be decomposed into the product of three irreducible
factors.

Theorem 2. Let P (x) = t1(x) · t2(x) · t3(x) and polynomials tj(x), j = 1..3 are
the degrees of irreducible integer polynomials. If w > 2, 3n then

|t1(x)| < Q−w+1,3n

.
The obtained results can be applied in the metric theory of Diophantine approx-
imations.

[1] Kassels, J., Vvedenie v teoriju diofantovych priblizeni, Moscow 1961, 212 p.

[2] Sprindzuk, V.G., Mahler’s Problem in metric number theory, Minck. Appl.
243 (2015), 220–226.

[3] Baker, A. Diophantine approximation and Hausdorff dimension, Proc. London
Math. Soc. 3 (1970), 1–11.

[4] Bernik, V. I., Application of Hausdorff dimension in the theory of Diophantine
approximation, Acta Arithmetica 42 (1983),219–253.

[5] Gelfond, A.O., Transcendental and algebraic numbers, Moscow: state publish-
ing house of technical-theoretical literature (1952), 224 p.
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On rings whose set of nilpotent elements is a subring
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Let R be an associative ring (not necessarily with identity), and let N(R) denote
the set of nilpotent elements of R. The set N(R) can provide important infor-
mation on the structure of the ring R. For instance, if N(R) = {0} (i.e., if R is
a reduced ring), then R is a subdirect product of domains. In this talk we will
discuss properties of rings R for which the set N(R) is a subring. We will pay
special attention to the class of rings R such that N(R) is a Wedderburn radical
subring of R. This class includes many important types of rings (e.g., Armendariz
rings, semicommutative rings).

[1] N. K. Kim, Y. Lee and S. J. Ryu, An ascending chain condition on Wedderburn
radicals, Comm. Algebra 34 (2006), no. 1, 37–50.

[2] R. Mazurek, The distributive radical, Theory of radicals (Szekszárd, 1991),
175–184, Colloq. Math. Soc. János Bolyai, 61, North-Holland,

[3] R. Mazurek and E. R. Puczy lowski, On nilpotent elements of distributive rings,
Comm. Algebra 18 (1990), no. 2, 463–471.

[4] J. Šter, Rings in which nilpotents form a subring, Carpathian J. Math. 32
(2016), no. 2, 251–258.

On nilpotent elements of a ring
and the Koethe problem

Kamil Koz lowski

Bia lystok University of Technology, Poland
kam.kozlowski93@gmail.com
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Let R be an associative ring (not necessarily commutative) with unity. An ele-
ment x ∈ R is nilpotent, if there exists a positive integer n such that xn = 0. The
set of nilpotent elements of R will be denoted by N(R).
In this talk we will show that the properties of the setN(R) can provide important
information on the structure of the ring R. For instance, if R is a reduced ring
(i.e., if N(R) = {0}), then in R some sort of substitute for commutativity does
hold, namely for any elements x, y ∈ R, if xy = 0, then yx = 0. We will show that
reduced rings are close to domains, in the sense that they are exactly subrings of
direct products of domains.
A ring R is said to be Dedekind–finite, if for any x, y ∈ R, xy = 1 implies yx = 1,
so for these rings we also have a substitute for commutativity. We will show that
if the set N(R) is finite, then R is a Dedekind–finite ring.
We will also discuss the Koethe problem, which was posed by G. Koethe in 1930
and is considered to be one of the greatest unsolved problems in noncommutative
ring theory. Some equivalents of the Koethe problem will be presented.

[1] V. A. Andrunakievič, Ju. M. Rjabuhin, Rings without nilpotent elements, and
completely prime ideals (Russian), Dokl. Akad. Nauk SSSR 180 (1968), 9–11
(English translation: Soviet Math. Dokl. 9 (1968), 565–568).

[2] J. Krempa, Some examples of reduced rings, Algebra Colloq. 3 (1996), 289–
300.

[3] E. R. Puczy lowski, Questions related to Koethe’s nil ideal problem, Algebra
and its applications, 269–283, Contemp. Math., 419 (Amer. Math. Soc., Provi-
dence, RI, 2006).

[4] A. Smoktunowicz, On some results related to Koethe’s conjecture, Serdica
Math. J. 27 (2001), 159–170.

[5] J. Šter, Rings in which nilpotents form a subring, Carpathian J. Math. 32
(2016), no. 2, 251–258.

Arzelà-Ascoli theorem via Wallman compactification

Mateusz Krukowski

 Lódź University of Technology, Poland
krukowski.mateusz13@gmail.com

During the presentation, we recall the Wallman compactification of a Tychonoff
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space T (denoted by Wall(T )) and the contribution made by Gillman and Jerison.
Motivated by the Gelfand-Naimark theorem, we investigate the homeomorphism
between BC(T,R) and BC(Wall(T ),R). Along the way, we attempt to justify
the advantages of Wallman compactification over other manifestations of Stone-
Čech compactification. The main result is a new form of Arzelà-Ascoli theorem,
which introduces the concept of equicontinuity along ω-ultrafilters.

[1] Frink O. : Compactifications and semi-normal spaces, The American Journal of
Mathematics 86, p. 602-607 (1964)

[2] Gelfand I.M., Naimark M.A. : On the embedding of normed rings into the ring of
operators on a Hilbert space, Matematicheskii Sbornik 12 (2), p. 197-217 (1943)

[3] Gillman L., Jerison M. : Rings of Continuous Functions, D.Van Nostrand Company
(1960)

[4] Krukowski M., Przeradzki B. : Compactness result and its applications in integral
equations, arXiv:1505.02533

[5] Przeradzki B. : The existence of bounded solutions for differential equations in
Hilbert spaces, Annales Polonici Mathematici, LVI.2 (1992)

[6] Steiner E.F. : Wallman spaces and compactifications, Fundamenta Mathematicae
61, p. 295-304 (1967/68)

[7] Walker R.C. : The Stone-Čech Compactification, Springer-Verlag (1974)

[8] Wallman H. : Lattices and topological space, Annals of Mathematics, 39, 112-126
(1938)

[9] Willard S. : General Topology, Addison-Wesley Publishing Company (1970)

Combinatorial aspects of permutations

Diana Kulhawik

University of Bia lystok, Poland
diana.kulhawik@gmail.com

In the talk we will present W. Burnside’s lemma (with applications), which concerns
counting orbits. It allows us to determine the number of various kinds of elements of
a set according to the permutation group operation. We will also focus on Eulerian
numbers, who are related to important in computer science problem of sorting. These
numbers provide a solution to represent natural powers of the real numbers by using
the binomial coefficients.

[1] Gilbert, W. J., Nicholson, W. K., Algebra wspó lczesna z zastosowaniami,
Wydawnictwa Naukowo-Techniczne (2008),
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[2] Knuth, D. E., Sztuka programowania, Tom 3, Sortowanie i wyszukiwanie,
Wydawnictwa Naukowo-Techniczne (2002).

Keller’s conjecture and the structure of cube tilings

Magdalena  Lysakowska

University of Zielona Góra, Poland
M.Lysakowska@wmie.uz.zgora.pl

Let T ⊆ Rn. The family

[0, 1)n + T = {[0, 1)n + t : t ∈ T}

is said to be a unit cube tiling of Rn if elements of this family are pairwise disjoint and
they cover the whole space Rn. In 1930 Ott-Heinrich Keller conjectured that every unit
cube tiling of Rn contains a column, i.e. the family of cubes in the form [0, 1)n+ t+Zei,
where ei denotes i-th vector of the standard basis of Rn. One proved that Keller’s
conjecture is true for n ≤ 6, and in dimension 8 one found a counterexample. This
implies that the conjecture is false in all dimensions greater than 7. In dimension 7 the
problem is still open.

History of Keller’s conjecture (in a few words), new results of researches into the con-
jecture and the structure of cube tilings of Rn in low dimensions will be presented.

The mean-value properties for the Dunkl polyharmonic
funtion

Grzegorz  Lysik

Jan Kochanowski Uniwersity in Kielce, Poland
lysik@impan.pl

We derive differential relations between Dunkl spherical and solid means of functions.
Taking a full advantage of the relations we give inductive proofs of the Dunkl solid
and spherical mean-value properties for the Dunkl polyharmonic functions and their
converses in arbitrary dimension.

[1] G.  Lysik, On the mean-value properties for the Dunkl polyharmonic funtions, Opus-
cula Mathematica 35 (2015), 655–664.
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Lúıs Machado
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Nowadays, there are some Riemannian manifolds, like Lie groups and other symmetric
spaces, that play an important role in modern applications arising in physics and en-
gineering. Motivated by these facts, we recovered the generalized variational principle
of Herglotz [4] and established its generalization in the context of the Euclidean unit
sphere. The unit n−sphere, Sn, is typically seen as a Riemannian manifold embedded
in the Euclidean space Rn+1 equipped with the metric induced by the Euclidean metric.

From our point of view, the study of the generalized variational principle of Herglotz
on spheres opens up the door for further research in the direction of the generalization
of Herglotz’s principle for more general Riemannian manifolds.

As described in [2], the Herglotz variational principle not only generalizes the classical
variational problem but also provides a variational description of nonconservative pro-
cesses even when the Lagrangian is autonomous. This is something that could not been
done using the classical approach.

In the unit sphere, the Herglotz variational problem was formulated in [1], as the fol-
lowing constrained problem in the embedding space Rn+1:

Determine the trajectories x ∈ C2
(
[0, T ],Rn+1

)
that extremize the value of the

functional z[x;T ]:

min
x

(max) z[x;T ] (P)

where z ∈ C1
(
[0, T ],R

)
satisfies the differential equation

ż(t) = L
(
t, x(t), ẋ(t), z(t)

)
, t ∈ [0, T ],

subject to the constraint

〈x, x〉 = 1,

to the initial condition z(0) = 0, and where x also satisfies the boundary conditions
x(0) = x0 and x(T ) = xT , for some x0, xT ∈ Sn.

Notice that the functional to be minimized is now defined by a differential equation
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rather than by an integral as in the classical formulation. If L does not depend on the
variable z, one gets the classical variational problem of the calculus of variations on Sn.

We derive the Euler-Lagrange equations for the above constrained optimization problem
and show that it can be interpreted in terms of the projection of a vector field in the
tangent space of Sn at a particular point. The Euler-Lagrange equations for the classical
problem of the calculus of variations on Sn appear straightforward from the above.

Some classical problems appearing in the literature can now be seen as particular
cases of the generalized Herglotz variational problem in Sn. Such is the case of the
problem of determining minimal length curves (geodesics). It is also shown that the
Herglotz variational principle on spheres finds applicability in the equation of motion
of a spherical pendulum in a resistive medium.

[1] Abrunheiro, L., Machado, L., Martins, N., The Herglotz variational problem on
spheres and its optimal control approach, J. Math. Anal., 7 (2016), no.1, 12–22, ISSN:
2217-3412, URL: http://www.ilirias.com.

[2] Georgieva, B., Guenther, R., First Noether-type theorem for the generalized varia-
tional principle of Herglotz, Topol. Methods Nonlinear Anal. 20 (2002), no. 2, 261–273.

[3] Guenther, R. B., Gottsch, J. A., Kramer, D. B., The Herglotz algorithm for con-
structing canonical transformations, SIAM Rev., 38 (1996), no.2, 287–293.

[4] Herglotz, G., Berührungstransformationen, Lecture Notes at the University of
Göttingen, Göttingen 1930.

[5] Santos, S. P. S., Martins, N., Torres, D. F. M., Higher-order variational problems of
Herglotz type, Vietnam J. Math., 42 (2014), 409–419.
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We shall present results concerning two special cases of a model{
x∆
i (t) = G(vi(t))

v∆
i (t) = F (v(t)), i = 1, ..., N,

(12)

t ∈ T, where T is an infinite isolated time scale; F : EN → E, G : E → E, where
E = Rk; f∆ denotes the ∆−derivative of f . The evolution of system (12) is described
by pairs (xi(t), vi(t)) ∈ E2, where for each t ∈ T, xi(t) represents the state and
vi(t) its consensus parameter at time t. In those models agents hold continuous
consensus parameters, which they gradually adjust knowing the consensus parameters
of others. It is of interest to know whether the system will converge to a consensus pat-
tern, characterized by the fact that all the consensus parameter tend to a common value.

Noether’s theorem for higher-order variational problems of
Herglotz type with time delay

Natália Martins

University of Aveiro, Portugal
natalia@ua.pt

Simão P. S. Santos

University of Aveiro, Portugal
spsantos@ua.pt

Delfim F. M. Torres

University of Aveiro, Portugal
delfim@ua.pt

We study, using an optimal control point of view, higher-order variational problems of
Herglotz type with time delay. We generalize the technique of reduction of a delayed
first-order optimal control problem to a non-delayed problem proposed by Guinn in [1]
to our higher-order delayed problem. Main results are a higher-order Euler–Lagrange
and DuBois–Reymond necessary optimality conditions as well as a higher-order Noether
type theorem for delayed variational problems of Herglotz type. Our results provide a
generalization to previous results of [2], [3] and [4].

[1] Guinn, T., Reduction of delayed optimal control problems to nondelayed problems,
J. Optimization Theory Appl. 18, no. 3, 371–377 (1976).

[2] Santos, S. P. S., Martins, N., Torres, D. F. M., Higher-order variational problems of
Herglotz type, Vietnam J. Math. 42, no. 4, 409–419 (2014).
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[3] Santos, S. P. S., Martins, N., Torres, D. F. M., Variational problems of Herglotz
type with time delay: DuBois-Reymond condition and Noether’s first theorem, Discrete
Contin. Dyn. Syst. 35, no. 9, 4593–4610 (2015).

[4] Santos, S. P. S., Martins, N., Torres, D. F. M., Noether’s theorem for higher-order
variational problems of Herglotz type, 10th AIMS Conference on Dynamical Systems,
Dynamical Systems, Differential Equations and Applications Vol. 2015, AIMS Proceed-
ings, 990–999 (2015).

On lineal rings and right annelidan rings
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In this talk, we will discuss properties of two classes of rings introduced in [1] and [2]:
lineal rings, defined as rings with linearly ordered right annihilator ideals, and right
annelidan rings, defined by the property that every right annihilator ideal of the ring is
comparable with every right ideal of the ring. Right annelidan rings are a generalization
of right uniserial rings (i.e. rings with linearly ordered right ideals), and lineal rings are
a generalization of right annelidan rings. In addition to right uniserial rings, examples
of right annelidan rings include domains, local rings with maximal ideal nilpotent of
index 2, and right Bézout as well as right distributive rings in which all right zero-
divisors are contained in the Jacobson radical. Among right distributive rings lineal
rings are characterized as rings of right uniform dimension 1. In particular, every right
distributive prime ring is lineal. Examples of lineal rings also include polynomial rings
(in any set of commuting indeterminates) over right annelidan rings, or more generally,
polynomial rings over Armendariz lineal rings.
In this talk we will present some results on the structure of lineal rings and right
annelidan rings, their ideals, and important radicals.

This is joint work with Greg Marks (St. Louis University).

Acknowledgments. The contribution of Ryszard Mazurek was supported by the
Bialystok University of Technology grant S/WI/1/2014 and founded by the resources
for research by Ministry of Science and Higher Education.
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Moment partial differential equations and summability
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In this talk I will introduce the notion of moment differential operators defined recently
by W. Balser and M. Yoshino [1]. The formal m-moment differentiation ∂m,z is a linear
operator on the space of power series satisfying

∂m,z
( ∞∑
j=0

ajz
j

m(j)

)
:=

∞∑
j=0

aj+1z
j

m(j)
,

where m(u) is a so-called moment function.

In the special case m(u) = Γ(1 + u), the operator ∂m,z coincides with the usual differ-
entiation ∂z. More generally, for p ∈ N and m(u) = Γ(1 + u/p) the operator ∂m,z is

closely related to the 1/p-fractional differentiation ∂
1/p
z .

Such a general approach is especially useful when we study k-summable formal solution
û of linear PDE with constant coefficients, since its k-Borel transform Bkû satisfies the
appropriate moment PDE. In that way the question about summability of û is reduced
to the question about analytic continuation properties of solution of the moment PDE.

In this talk I will show the results [2]–[3] about the characterisations of analytic and
summable solutions of linear moment partial differential equations with constant coef-
ficients in terms of the analytic continuation property of the Cauchy data.

[1] Balser, W., Yoshino, M., Gevrey order of formal power series solutions of inhomo-
geneous partial differential equations with constant coefficients, Funkcial. Ekvac. 53
(2010), 411–434.

[2] Michalik, S., Analytic solutions of moment partial differential equations with con-
stant coefficients, Funkcial. Ekvac. 56 (2013), 19–50.

[3] Michalik, S., Analytic and summable solutions of inhomogeneous moment partial
differential equations, Funkcial. Ekvac. (to appear).

Variable–, Fractional–Order Grünwald–Letnikov Backward
Differences
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In the last decades there has been a great interest on fractional calculus and its ap-
plications. Models involving fractional derivatives and fractional difference operators
have been found to be better in describing some real phenomena. The most important
advantage of using fractional–order models is that a ,,memory” is included in the model.
Fractional–order systems have an unlimited memory, while in the case of integer–order
systems the memory is limited. In the paper we investigate discrete–time operators with
variable–orders. In the paper we define variable–, fractional–order backward difference
(VFOBD) of the Grünwald–Letnikov–type, where ,,variable” means that we consider
orders being single–variable positive valued function that evolves in coefficients of the
difference operator.

This research was partially supported by the grant S/WI/1/2016 of the Polish Ministry
of Science and Higher Education.

An introduction to trend estimation methods on financial
markets
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There are many different approaches an investor can undertake. Krawczuk [1] points
three main branches of nowadays price forecasting techniques: Technical Analysis (TA)
that primarily focus on repeatable patterns, Time Series Forecasting - mostly concerned
about autoregressive models that depicts price as a linear combination of historical
fluctuations and a random factor and Data Exploration Techniques such as Neural
Networks, Support Vector Machines, Evolutionary Algorithms and Linear Classifiers.
Oberlechner [2] states that usage of Technical Analysis amongst market participants
had increased the decade before and because of that there is a necessity of workable TA
methods in analysis.
One of the most popular repeatable pattern is market trend [5]. The concept of trend
is simple - it is the direction in which price fluctuations move. Within the concept of
trend there may be built Trend Following Strategies [3] but a trend itself is usually the
basis of more advanced trading expert systems (e.g. [4]).
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Even though there is plethora of forecasting systems that utilize some trend principles,
the methods of its estimation and Trend Following Strategies has little been investigated
especially in computer science community [3].
In this paper I put a solid foundation of measurement and estimation methods with
their validation based on some selected assets.
Firstly, some trend-related definitions (e.g. [6]), tools and methods that are used and
discussed in literature are introduced in order to exhibit current progress in this matter.
Then I intend to deal with obstacles and inconveniences in terms of subjectivity of
perception of market movements that are related to non-constant parameters values.
Later, the step by step creation process of a novel and yet quite simple algorithm
that estimates the trend direction basing on consecutive extreme price levels is shown.
Furthermore, there is a brief outlook on the performance of the algorithm on some
trading instruments and the conclusion of the performance.

[1] Krawczuk, J., Klasyfikator liniowy typu CPL uwzglȩdniaja̧cy koszty b lȩdów
klasyfikacji jako narzȩdzie prognozowania gie ldy, Metody ilościowe w badaniach eko-
nomicznych XII/2 (2011), 232–240.

[2] Oberlechner, T., Importance of technical and fundamental analysis in the European
foreign exchange market, International Journal of Finance and Economics 6 (2001),
81–93.

[3] Fong, S., Si, Y.-W., Tai, J., Trend following algorithms in automated derivates
market trading, Expert Systems with Applications 39 (2012), 11378–11390.

[4] Czekalski, P., Niezabitowski, M., Styblinski, R., ANN for FOREX forecasting and
trading, 20th International Conference on Control Systems and Science (2015), 322–
328.

[5] Murphy, J. J., Technical analysis of the financial markets: A comprehensive guide
to trading methods and applications, New York Institute of Finance (1999).

[6] Frost, R., Prechter, R., Elliott Wave Theory - Key to Market Behaviour, New Classics
Library 10 (2005).
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We study the existence of solutions to the nonlinear neutral difference equations with
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quasi-differences of the form

∆ (rn∆ (xn + pnxn−τ )) = anf(xn−σ) + bn

with respect to pn → 1, τ > σ and a locally Lipschitz function f : R→ R. Using Kras-
noselskii’s fixed point theorem and an approximation technique we obtain the existence
of the bounded solution to above equation. These results are contained in [1].

[1] Nockowska-Rosiak, M., Existence of bounded solution to nonlinear second order
neutral difference equations with quasi-difference (submitted).
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The need to describe complex phenomena or poorly defined concepts contributed to the
emergence and development of fuzzy sets theory. It is an alternative to the classical
set theory. During the talk the basic definitions and properties of fuzzy sets will be
presented. We will show an example of the application of fuzzy logic.

Market depth and market tightness on the Warsaw Stock
Exchange
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The main goal of this work is an analysis of market depth and market tightness on
the Warsaw Stock Exchange (WSE). These two dimensions of market liquidity for the
53 WSE-listed companies divided into three size groups are investigated. The high-
frequency data covers the period from January 3, 2005 to June 30, 2015. A robustness
analysis of the results obtained is provided, with respect to the whole sample period and
three adjacent subsamples of equal size: the pre-crisis, crisis, and post-crisis periods.
The order ratio (OR) is employed as a proxy of market depth, while market tightness
is approximated using the relative spread (RS). The empirical results indicate that the
OR values rather do not depend on firm size, while the RS estimates are slightly higher
for small companies. Moreover, the results turn out to be robust to the choice of the
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sample. Furthermore, an initial research concerning interaction between market depth
and market tightness is provided by analysing the degree of correlations. In general,
the correlation results are consistent with the literature. The majority of correlation
coefficients between daily estimates of the order ratio and the relative spread indicators
are not significantly different from zero.

[1] Kyle, E.S., Continuous auctions and insider trading, Econometrica 53(6) (1985),
1315–1336.

[2] Olbryś, J., Majewska, E., Bear market periods during the 2007-2009 financial crisis:
Direct evidence from the Visegrad countries, Acta Oecon. 65(4) (2015), 547–565.

[3] Olbryś, J., Mursztyn, M., Comparison of selected trade classification algorithms on
the Warsaw Stock Exchange, Advances in Computer Science Research 12 (2015), 37–52.

[4] Ranaldo, A., Intraday market liquidity on the Swiss Stock Exchange, Swiss Society
for Financial Market Research 15(3) (2001), 309–327.

[5] von Wyss, R., Measuring and predicting liquidity in the stock market, Dissertation
No. 2899, University of St. Gallen (2001).
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One of the most important applications of mathematics is optimization. Generally,
it involves finding the best solution to a problem according to specific criteria. In
mathematics it is usually finding extrema of a function.
In this talk we will present the shortest path problem, which is one of the most important
optimization issues. It will include solutions to chosen tasks concerning optimization
problem for different areas of mathematics. Topics considered in thesis include among
others: geometric median[1], Fermat-Toricelli point[2] and brachistochrone curve. The
presentation will also cover basics of calculus of variations and solve exemplary tasks of
dynamic optimization using it.

[1] M lodak, A., Historia problemu Webera, Matematyka Stosowana 9 (2009),

[2] Weiszfeld, E., Sur le point pour lequel la somme des distances de n points donnes
est minimum, The Tohoku Mathematical Journal 43 (1937), 355-386.

Hereditarily indecomposable continua and entropy.
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(joint work with Jan Boroński and Alex Clark).

In 1990s Barge asked a question if every positive real number α can be realized as the
(topological) entropy of a homeomorphism on the pesudoarc. Recently Mouron proved
that shift homeomorphisms on (inverse limit limit inducing) pseudoarc has always en-
tropy 0 or ∞. This situation is repeated on many other one-dimensional hereditarily
indecomposable continua (e.g. pesudo-circle), and no homeomorphism of finite positive
entropy on a hereditarily indecomposable continuum is known. In this talk we will show
how such examples can be constructed.

On a peristaltic pump mathematical model
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In the paper a mathematical model [1] of a peristaltic pump [2] is proposed. The
pump operating conditions are presented. The most important element in the model
is a sampler with a sampling time depending on the input signal value. The sampler
output amplitude is constant. One may state that this is sampling due to the horizontal
directions contrary to the classical samplers sampling [2] due to the vertical direction.
Then the liquid medium flow is modeled. Analyzed pump used in the closed-loop
configuration may serve as an example of a dynamical system described on a time scale.

[1] Ljung, L., System Identyfication. Theory for the user., Prentice HAll PTR Upper
Saddle River, NJ., 1999.

[2] http://www.pneutrolspares.com/product-item/p/leroy-somer-31ml037-variable-
speed-single-phase-varmeca-motor-037-kw-4-pole-variable-speed-single-phase-85229/,
31.05.2016.

[3] Ogata K., Discrete-Time Control Systems. Prentice-Hall International Editions,
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Englewood Cliffs, NJ, 1987.
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The return rate is considered here as an intuitionistic fuzzy probabilistic set. Then the
expected return rate is obtained as an intuitionistic fuzzy subset in the real line. This
result is a theoretical foundation for new method of securities management. The main
goal of talk is presentation some new investment strategies.

The first kind of presented investment strategies bases on the choice of effective secu-
rities. Any financial instrument is called effective then if it stands out among all the
securities with the same risk assessment by maximum expected return. The family of
effective financial instruments can also be determined on the basis of multi-criteria com-
parison theory. Using this approach we define two preorders on the set of all financial
instruments. As these preorders we are using the criterion of maximizing the expected
return rate and the criterion of minimizing the variance. Then the family of effective
instruments is defined as a Pareto optimum set for comparisons of multiple-criteria de-
fined by the above-mentioned preorders. In this work is considered the case where the
expected return rate is given as intuitionistic fuzzy set. Determined in this way intu-
itionistic fuzzy set of effective financial instruments is a generalization of the concept of
the effective instruments’ curve defined on the basis of the classical Markowitz’s theory.

The second kind of investment strategies result of comparison intuitionistic fuzzy profit
index and limit value. In this way we obtain an imprecise investment recommendation.
Financial equilibrium criteria are a special case of comparison the profit index and the
limit value. There are generalized the following criteria: the Sharpe’s Ratio, the Jensen’s
Alpha and the Treynor’s Ratio. Moreover, the safety-first criteria are generalized here
for the fuzzy case. The Roy Criterion, the Kataoka Criterion and the Telser Criterion
are also generalized. Obtained here results show that proposed theory is useful for the
investment applications.

The project was supported by funds of National Science Center - Poland granted on
the basis the decision number DEC-2012/05/B/HS4/03543.The project was supported
by funds of National Science Center - Poland granted on the basis the decision number
DEC-2012/05/B/HS4/03543.

Graphs and theory of stable allocation
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In the paper it was discussed a model of matching process which was proposed by
two American mathematicians: David Gale and Lloyd S. Shapley. The basic concept
defined by them was the stable allocation, which can be achieved with so-called deferred
acceptance algorithm. In the article it was analyzed the problems discussed by the
theory of stable allocations on the basis of graph theory. It has been shown that
the issues raised (pointed) by this theory can be analyzed using bipartite graphs and
networks weighted. They also formulated conditions which should be met in purpose to
solve a problem of matching. References relate to the labor market, as a discussed issue
is applicable in practice, especially in the design of systems of recruitment companies.
The aim of the article was to present the problem of bilateral associations with use of
the language of graph theory and an indication of possible applications in the area of
search and match of job seekers and employers.

Problem of stability and chaotic properties of
multidimensional Lasota equation in the context of
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We study asymptotic properties of the dynamical system generated by the multidimen-
sional Lasota equation. We give the conditions of its stability and chaos in the sense
of Devaney in Orlicz spaces. We apply Matuszewska-Orlicz indices to a description of
asymptotic behaviour of the considered semigroup. We analyze also the conditions un-
der which asymptotic behaviour for more general form of the equation is provided. An
example illustrates the criteria when the semigroups generated by the equations have
not asymptotic behaviour.

On the Boole type transformations and their ergodic
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The invariant ergodic measures for generalized Boole type transformations are stud-
ied, based on some special solutions to the related Frobenius-Perron operator. Many-
dimensional Boole type transformations are suggested, their ergodic properties are con-
jected.
The classical Bool transformation ϕ : R\{0} → R is given by the expression

ϕ(x) = x− 1/x (13)

for x ∈ R\{0} and was proposed in [3] where there was stated its invariance with respect
to the Lebesgue measure µ(dx) = dx on the real axis R. This Bool transformation (13)
was thoroughly studied in [2, 4, 5], where there was proved that with respect to the
Lebesgue measure µ(dx) = dx it is not only invariant yet also ergodic. Consider now the
following two-dimensional Boole type transformations ϕj : R2\{0, 0} → R2, j = 1, 2,
where by definition,

ϕ1(x, y) := (x− 1/y, y − 1/x) (14)

and
ϕ2 (x, y) := (y − 1/x, x− 1/y) (15)

for all (x, y) ∈ R2\{0, 0}. It was stated in [6] that the generalized two-dimensional Bool
type transformations (14) and (15) are invariante with respect to the Lebesgue measure
dµ(x, y) := dxdy on R2. Namely, to the following lemma holds.

Lemma 1. The mappings (14) and (15) satisfy subject to the measure dµ(x, y) the
following infinitesimal invariance properties:

µ(ψ−1
j ([x, x+ dx]× [y, y + dy])) = dxdy = µ([x, x+ dx]× [y, y + dy]) (16)

for all (x, y) ∈ R2\{0, 0}. Moreover, there exist such minimal measurable subsets Ωj ⊂
R2\{0, 0}, j = 1, 2, that ϕ−1

j (Ωj) = Ωj(|µ|), j = 1, 2.

Based on some modification of the proof from [2], one can suggest that the infinitesimal
measure dµ(x, y), (x, y) ∈ R2, is the unique absolutely continuous invariant measure
with respect to the Boole type transformations (14) and (15). This, in particular, means
that with respect to the infinitesimal measure dµ(x, y), (x, y) ∈ R2, the transformations
(14) and (15) are ergodic. Thus, based on Lemma 13, one can formulate the following
proposition.

Proposition 1. The generalized two-dimensional Boole type transformations (14) and
(15) are ergodic with respect to the standard infinitesimal Lebesgue measure dµ(x, y) =
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dxdy, (x, y) ∈ R2. In particular, the following equalities∫
Ωj

f(ϕj(x, y))dxdy =

∫
Ωj

f(x, y)dxdy, (17)

j = 1, 2, hold for any integrable function f ∈ L1(R2;R).

Based on the result above, one can assume that the following conjecture is true.

Conjecture 1. Let σn ∈ Σn be any element of the symmetric group Σn, n ∈ Z+. Then
the following generalized Boole type transformation ψσn : Rn\{0, 0, ..., 0} → Rn, where

ψσn (x1, x2, ..., xn) := (x1 −1/xσn(1), x2 −1/xσn(2), x3 −1/xσn(3), ..., xn −1/xσn(n)),

is ergodic with respect to the standard infinitesimal measure dµ(x1, x2, ..., xn) = dx1dx2 ·
· · dxn, (x1, x2, ..., xn) ∈ Rn.

[1] Aaronson J. An introduction to infinite ergodic theory. AMS, v.50, 1997

[2] Adler R. and Weiss B. The ergodic, infinite measure preserving transformation of
Boole. Israel Journal of Math., 1973, 16, p.263-278

[3] Boole G. On the comparison of transcendents with certain applications to the theory
of definite integrals. Philos Transaction, Royal Soc. London, 1857, v.147, p.745-803

[4] Katok A. and Hasselblatt Introduction to the Modern Theory of dynamical systems.
Cmbridge University Press, 1999

[5] Pollycott M. and Yuri M. Dynamical systems and ergodic theory. London Math.
Society, Cambridge University Press, Student Texts, v.40, 1998 D. Blackmore (New
Jersey Inst. Technology, Newark, USA),

[6] Blackmore D., Golenia J. Prykarpatsky A.K. and Prykarpatsky Ya.A. Invariant
measures for discrete dynamical systems and ergodic proiperties of generalized Boole-
type transformations. Ukr. Math. J., . 2013, v. 65, N1, p. 44-57
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A ring in which every accessible subring is an ideal is called filial. A ring in which every
subring is filial is called strongly filial. The aim of the talk is to present properties of
strongly filial rings.

[1] Andruszkiewicz. R., Pryszczepko. K., Adjoining an identity to a finite filial ring
NYJM 20 (2014), 695–710.

[2] Andruszkiewicz. R., Pryszczepko. K., The classification of commutative torsion filial
rings J. Aust. Math. Soc. 95 (2013), no. 3, 289-296.
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We need our educational process to be successful and of high quality. Besides, we want
to organize individual work of our students. For these purposes, group of teachers
of the Fundamental and Applied Mathematics department has developed a complete
educational and methodical support (EMS) for higher mathematics course for economic
specialties. It is a single system which includes modern textbook, workbook, electronic
educational methodical complex (EEMC), database of problems.
In the textbook authors have tried to develop their own style of presentation math.
On the one hand we tried to tell the math available and clear. At the same time
it was necessary to keep a reasonable mathematical level. Since that there are no
complicated repetitive proofs. However, the authors have been careful and precise with
basic theorems and their verification.
Workbook is the second part of the printed component of EMS for students of economic
specialties of high school. It contains systematically selected problems and exercises for
all sections of the course. Each task is provided with an answer, a solution or an
instruction. The problems of the same type with the common formulation are arranged
in special blocks. Each block begins with the solution of typical example. Then tasks
with the instruction or answer follow.
Electronic educational methodical complex (EEMC) is the third component of our EMS.
The main feature of the EEMC is its interactivity. This allows you to present a study
material on the screen, effectively control the results of training, repeat the studied
material, to intensify students’ mental work.
Electronic database of problems is a combination of training, diagnosing, correcting,
controlling, evaluating, stimulating, developing exercises. The purposes of creating this
database are as follows: to generate quickly any number of problems with different levels
of complexity; to obtain very large number of variants for control tests, exams, etc.
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The results of this educational project were published in some papers and presented in
conferences of university, republican and international levels.

Search for Relevant Variables in Multidimensional World
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a) Institute of Informatics, University of Bia lystok, Poland
b) Interdisciplinary Centre for Mathematical and Computational Modelling,

University of Warsaw, Poland
c) Computational Centre, University of Bia lystok, Poland

W.Rudnicki@icm.edu.pl

Motivation Datasets in molecular biology have number of features reaching several thou-
sands (gene expression, proteomics) and even millions (SNPs). Identification of the fea-
tures that truly contribute to the studied phenomena is a key step, necessary for their
understanding. The number of features is so large that only univariate significance tests
for each variable are routinely performed, hence any effects that depend on interactions
of several features may be overlooked.
Solution We have developed rigorous methodology for identification of the informative
features, that is based on information theory and definition of weak relevance. The
methodology allows for identification of features that are informative in conjunction
with different subsets of features.
Implementation We have developed a very fast computational engine that allows for
exhaustive multidimensional searches of all combinations of features that may lead
to statistically significant relationships between k-tuple of descriptive variables and a
decision variable, with k = 2,3,4,5.

Solution to the bomb attack problem
using the moment equations

Irada Dzhalladova1 and Miroslava Růžičková2∗

1 Kiev National Economics Vadym Hetman University, Ukraine
irada–05@mail.ru

2 Palacký University Olomouc, Czech Republic
miroslava.ruzickova@gmail.com

Stochastic differential equations now find applications in many disciplines including cy-
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bersecurity or physics. We will consider a problem for which the underlying mechanism
is deterministic and fully understood, but the underlying deterministic mechanism is
not fully observed and it manifests itself as a stochastic process. Stochastic compo-
nents are introduced into the mathematical model so that it can be taken account of
imperfections (approximations) in the current specification of the model.

The explicit solution of stochastic differential equations is possible to find only in some
special cases. In cybersecurity, the main method of solution is to find the probability
distribution function as a function of time using the equivalent Fokker-Planck equation,
which tells how the probability distribution function evolves in time. It is also not an
easy task to solve the partial differential equation.

Our contribution deals with the mathematical model of the problem of a bomb attack
on a target, which is described by stochastic differential equation. On a probability
space (Ω,F , P ) we consider

dx

dt
= Ax(t) + b(ξ(t)), (18)

where

A =

(
0 −1
α −(δ + β)

)
, b(ξ(t)) = b(ξ(t)) ·

(
1

β

)
.

We offer a new approach to solve the problem by using of moment equations and their
quantification to derive controls for preserving the target. The origin of the theory of
moment equations and their use in the examination of the properties of solutions can
be found in the works by Valeev [1] and his scientific school.

[1] Valeev, K.G., Dzhalladova,I., Optimization of Random Process, KNEU, Kiev 2006,
in Russian.

Analitical properties of solutions
of a class of fourth-order differential equations

Vankova T., Martynov I., Pronko V., Sazonova H.

Yanka Kupala State University of Grodno, Belarus
sazonova@mf.grsu.byAdd contact

We investigate the autonomous differential equation

xIV = a
x′x′′′

x
+ (1− a)

x′′2

x
+ 2xx′′′ + (a− 16)x′x′′ + cx(xx′′ − 2x′2), c 6= 0. (2)

Equation

xIV = a
x′x′′′

x
+ (1− a)

x′′2

x
(3)
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is invariant for replacing z = εt and simplified for (2). Let us assume that x′ = −ux,
will have u′′′ = (4− a)uu′′+ (a+ 2)u′2 + (a− 4)u2u′. Using the results of [1,2] , we find
that the true
Lemma. General solution of equation (3) is a meromorphic function only when a = 1, 4.
Using Painleve test, we get the resonance equation

(r + 1)(r3 − (13− a)r2 + (40− 2a− c)r − 20 + 2a) = 0.

Assuming that the roots different and integer [3, 4], we obtain equations:

xIV =
x′x′′′

x
+ 2xx′′′ − 15x′x′′ + 9x(xx′′ − 2x′2), (4)

xIV = 2
x′x′′′

x
− x′′2

x
+ 2xx′′′ − 14x′x′′ + 10x(xx′′ − 2x′2), (5)

xIV = 3
x′x′′′

x
− 2

x′′2

x
+ 2xx′′′ − 13x′x′′ + 11x(xx′′ − 2x′2), (6)

xIV = 4
x′x′′′

x
− 3

x′′2

x
+ 2xx′′′ − 12x′x′′ + 12x(xx′′ − 2x′2). (7)

Use of addition theorems and dual equations in acoustic
field problems

Gennady Shushkevich

Yanka Kupala State Universy of Grodno, Belarus
gsys@grsu.by

In this paper, we solve the problem of the penetration of the sound field though a
flat elastic layer when the radiator of the sound field locates within the thin unclosed
spherical shell. The solution of this problem is reduced to solve dual equations in
Legendre’s polynomials using the addition theorems [1] for cylindrical and spherical
wave functions. Dual equations are converted to an infinite system of linear algebraic
equations of the second kind with a completely continuous operator.
Problem formulation. Let the space R3 be divided by planes S0 (z = h1) c̆
S1 (z = h1 + h2) on the areas D0(z < h1), D2(h1 < z < h1 + h2), D1(z > h1 + h2).
The area D0 has thin unclosed spherical shell Γ1, located on a sphere Γ of the radius a
with the center at the point O. We denoted D

(0)
0 (0 ≤ r < a) the area of space bounded

by the sphere Γ and D0 = D
(0)
0 ∪ Γ ∪D(1)

0 . The distance between points O and O1 is
equal h1, h2 is the distance between planes S0 and S1.
Point radiator of sound wave oscillating with an angular frequency ω is located at the
point O. Areas Dj , j = 0, 1, are filled with material in which shear waves are not
spread. Let denote density of medium by ρj and the speed of sound by cj in Dj ,
j = 0, 1. The area D2 is a plane elastic layer.
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The elastic layer oscillates under the influence of the sound field; its deformation is
determined by the displacement vector ~u that satisfies the Lame equation [2]

µ̃∆ ~u + (λ̃+ µ̃) grad div ~u + ω2ρ̃ ~u = 0,

where ∆ is the Laplace operator, λ̃, µ̃ are Lame coefficients, ρ̃ is density of the medium.

Let pc be pressure of the point radiator of sound field, p
(0)
0 be pressure of secondary

sound field in the area D
(0)
0 , p0 = p

(1)
0 + p

(2)
0 be pressure of secondary sound field in the

area D
(1)
0 , p1 be pressure of secondary sound field in the area D1.

The real displacement and the sound pressure are calculated by the formulas ~U =
Re (~u exp(−iωt)), Pj = Re (pj exp(−iωt)), i is imaginary unit.

The pressures of secondary sound field p
(j)
0 , j = 0, 1, 2, p1 satisfies the Helmholtz

equation [2,3]

∆p
(j)
0 + k2

0p
(j)
0 = 0, ∆p1 + k2

1p1 = 0,

where k0 = ω/c0, k1 = ω/c1 are wave numbers.

The displacement vector ~u is determined by the formula [2]

~u = gradψ + rot

(
−∂Φ

∂ρ
~eφ

)
.

Functions ψ, Φ satisfy the Helmholtz equation

∆ψ + k2
`ψ = 0, k` = ω/c`, c` =

√
(λ̃+ 2µ̃)/ρ̃ ,

∆Φ + k2
tΦ = 0, kt = ω/ct, ct =

√
µ̃/ρ̃ ,

where c`, ct are velocity of longitudinal and transverse elastic waves respectively.

The solution of the diffraction problem is reduced to find the displacement vector
~u(uρ, uz, 0), the pressure of the sound field p

(j)
0 , j = 0, 1, 2, p1 which satisfy the bound-

ary condition on the surface of the spherical shell:

∂

∂ r

(
pc + p

(0)
0

)∣∣∣
Γ1

= 0,

boundary conditions on a plane Sj , j = 0, 1:

uz|Sj
= ω−2 1

ρ̃j

∂pj
∂z

∣∣∣∣
Sj

,
∂uρ
∂z

+
∂uz
∂ρ

∣∣∣∣
sj

= 0,

(
2µ̃+ λ̃

) ∂uz
∂z

+ λ̃

(
uρ
ρ

+
∂uρ
∂ρ

)∣∣∣∣
sj

= −pj |sj ,

and the condition at infinity [3].

[1] Shushkevich G.Ch. Modeling fields in multiply connected regions in electrostatics
problems, Saarbrucken 2015.
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[2] Nowacki W. Teoria Sprezystosci, PWN, Warszawa 1970.

[3] Ivanov E. A. Diffraction of electromagnetic waves on two bodies, Springfield, Wash-
ington 1970.

Preserving some functions and subsets in matrix spaces

Marcin Skrzyński

Cracow University of Technology, Poland
pfskrzyn@cyf-kr.edu.pl

Let V be a vector space and X a nonempty set. A linear endomorphism T : V −→ V is
said to be a preserver of a mapping f : V −→ X, if f ◦ T = f , and to be a preserver of
a set E ⊆ V , if T (E) ⊆ E. In the talk, we will give an overview of more or less known
results concerning the linear preservers in matrix spaces (starting with the Frobenius
theorem on linear preservers of the determinant function). We will also present a quite
new result on preserving the spark of a matrix.

[1] Beasley, L. B. (ed.) et al., A survey of linear preserver problems, Linear Multilinear
Algebra 33 (1992), no. 1-2.

[2] Guterman, A., Li, C.-K., Šemrl, P., Some general techniques on linear preserver
problems, Linear Algebra Appl. 315 (2000), no. 1-3, 61–81.

[3] Skrzyński, M., A note on preserving the spark of a matrix, Ann. Univ. Paedagog.
Crac. Stud. Math. 14 (2015), 63–67. 220–226.

Mystic square - 15 puzzle

Adam Soroczyński

University of Bia lystok, Poland
Adamsor3@gmail.com

15 puzzle were developed back in 1874. Unlike today, puzzle’s pieces could be thrown
out of a box to be placed inside again. Around half of the time it was possible to solve
puzzles constructed by randomly putting pieces into box. Why was it like that? Right
now we know, that it’s not some kind of magic. Solid permutation based math proof is
all we need to satisfy our curiosity.
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In our presentation we’ll prove, that if puzzle’s pieces are placed at random we have
50% chance that puzzle have solution at all. Moreover we’ll show the way to decide if
puzzle have solution without actually trying to solve them.

[1] Mulholland, J., Mastering the 15-puzzle,
urlhttp://people.math.sfu.ca/ jtmulhol/math302/notes/9-15-puzzle.pdf (2011).

On sets of pp-grenerators of finite groups

Agnieszka Stocka

University of Bia lystok, Poland
stocka@math.uwb.edu.pl

We say that a group G has property Bpp ([1]), if all its minimal pp-generating sets have
the same size. By a pp-generating set of G we mean a generating set of G which elements
have prime power order. Groups with property Bpp are called Bpp-groups for short. A
group is said to have the pp-basis property if all its subgroups are Bpp-groups.
We give the classification of finite groups with the pp-basis property as products of
p-groups and precisely described {p, q}-groups.
The talk is based on a common work with J. Krempa (University of Warsaw) [2].

[1] J. Krempa, A. Stocka, On some sets of generators of finite groups, J. Algebra 405
(2014), 122–134.

[2] J. Krempa, A. Stocka, On sets of pp-generators of finite groups, Bull. Aust. Math.
Soc. 91 (2015), 241–249.

Fuzzy-valued functional stochastic integral driven by
two-parameter martingale

Kamil Świa̧tek

Poznań University of Technology, Poland
kamil.swiatek@put.poznan.pl

In order to define a fuzzy-valued functional stochastic integral driven by a two-parameter
martingale M we recall the notion of set-valued functional stochastic integral with
respect to M defined in [3]. Then we present considerations which lead to definition
of the mentioned fuzzy-valued integral. Moreover we formulate basic properties of such
integral.
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Next we consider a two-parameter fuzzy-valued stochastic integral equation, i.e. the
following relation

X (s, t) = ξ ⊕ (F)
∫

[0,s]×[0,t]

f (u, v,X (u, v)) dAu,v

⊕ (F)
∫

[0,s]×[0,t]

g (u, v,X (u, v)) dMu,v for (s, t) ∈ [0, S]× [0, T ].

We establish the existence and uniqueness of solutions to such equation as well as their
additional properties.

[1] Michta, M., On set-valued stochastic integrals and fuzzy stochastic equations, Fuzzy
Sets and Systems 177 (2011), 1–19.

[2] Kozaryn, M., Malinowski, M.T., Michta, M., Świa̧tek, K., On multivalued stochastic
integral equations driven by a Wiener process in the plane, Dynam. Systems Appl. 21
(2012), 293–318.

[3] Michta, M., Świa̧tek, K. L., Set-valued stochastic integrals and equations with respect
to two-parameter martingales, Stochastic Anal. Appl. 33 (2015), 40–66.

[4] Michta, M., Świa̧tek, K. L., Two-parameter fuzzy-valued stochastic integrals and
equations, Stochastic Anal. Appl. 33 (2015), 1115–1148.
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A generalized Lyapunov’s inequality
for a fractional boundary value problem

Amar Chidouh
Houari Boumedienne University, Algeria

m2ma.chidouh@gmail.com

Delfim F. M. Torres

University of Aveiro, Portugal
delfim@ua.pt

We prove existence of positive solutions to a nonlinear fractional boundary value prob-
lem. Then, under some mild assumptions on the nonlinear term, we obtain a general-
ization of Lyapunov’s inequality. The new results are illustrated through examples.
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[1] Chidouh, A., Torres, D.F.M., A generalized Lyapunov’s inequality for a frac-
tional boundary value problem, J. Comput. Appl. Math., in press. DOI:
10.1016/j.cam.2016.03.035

Binet formulas for the generalized Jacobsthal polynomials

Izabela Wawreniuk

University of Bia lystok, Poland
wawreniuk.izabela@gmail.com

In this talk we introduce a family of polynomials that satisfy the recurrence relations for
Jacobsthal polynomials with generalized initial conditions by analogy to work of V.K.
Gupta, Y.K. Panwar, and O. Sikhwal from 2012. Explicit closed form and the Binet
formulas for the generalized Jacobsthal polynomials are presented. The generating
function and other relations for them are also found. Special points for this family are
analyzed and presented pictorially.

Algorithm of adding the m-bit numbers

Katarzyna Woronowicz

Bialystok University of Technology, Poland
k.woronowicz@pb.edu.pl

In the classic algorithm of adding two m-bit numbers with carries we add a single bits of
the added numbers on each of the m positions. If we assume for a single iteration of the
algorithm to calculate the value of a single bit of the sum, then for each pair of m-bit
numbers the algorithm executes m iterations. In the talk I propose recursive algorithm
of additing two numbers for which the number of executed iterations is variable and
ranges from 0 to m. I look at the binary numbers as sequences of bits, on which
are performed logical operations. As a result, I found a new algorithm for calculating
the sum of two numbers. Each iteration of the algorithm determines the successive
approximations of the sum of two input numbers. Execution time depends on the
structure of the binary representation of these numbers - the maximum number of
iterations, required to determine the sum of two numbers, is equal to the length of the
binary representation of the input numbers.

[1] Knuth, D. E., The art of computer programming, Vol. 2 Seminumerical Algorithms.
Reading, Massachusetts: Addison-Wesley.
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[2] Karatsuba, A. A., The complexity of computations. Proceedings of the Steklov In-
stitute of Mathematics, 1995.

[3] Cormen, T. H., Leiserson, C. E., Rivest, R. L., Introduction to Algorithms. MIT
Press and McGraw-Hill, 1990.

On some generalization of the concept of nil-group

Ryszard R. Andruszkiewicz and Mateusz Woronowicz

University of Bia lystok, Poland
randrusz@math.uwb.edu.pl; mworonowicz@math.uwb.edu.pl

An abelian group (A,+, 0) is called a nil(a)-group if on A there does not exist any
nonzero (associative) ring multiplication. Nil-groups were studied for a long time by
many authors and there are several generalizations. In the talk we will present one of
them. Namely, we will show the latest results concerning the square subgroup of an
abelian group and we will explain the historical background of this research. Given
an abelian group A, the square subgroup �A of A is the smallest subgroup B of A
satisfying the condition: if R is any ring (not necessarily associative) with the additive
group A, then R2 ⊆ B. The basic question about the square subgroup is whether the
quotient group of any abelian group A modulo the square subgroup �A is a nil-group.
If this is not true in general, then under what conditions is it true and why does it fail?
We will give answers to most of these questions relying on nontrivial results obtained
in this field by A. E. Stratton, M. C. Webb, A. M. Aghdam, A. Najafizadeh and us.
Since we are interested especially in the associative rings theory, we will investigate the
relationship between square subgroups for both cases of associative and general rings.

[1] Aghdam, A. M., Square subgroup of an Abelian group, Acta. Sci. Math. 51 (1987),
343–348,

[2] Aghdam, A. M., Najafizadeh A., Square subgroups of rank two Abelian groups,
Colloq. Math. 117 (2009), 19–28,

[3] Andruszkiewicz, R. R., Woronowicz, M., Some new results for the square subgroup
of an abelian group, Comm. Algebra 44 (in print), 2351–2361,

[4] Feigelstock, S., The absolute annihilator of an abelian group modulo a subgroup,
Publ. Math. (Debrecen) 23 (1976), 221–224,

[5] Najafizadeh, A., On the square submodule of a mixed module, Gen. Math. Notes
27 (2015), 1–8,

[6] Stratton, A. E., Webb, M. C., Abelian groups, nil modulo a subgroup, need not have
nil quotient group, Publ. Math. (Debrecen) 27 (1980), 127–130.
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Conditions for accessibility of nonlinear control systems on
homogeneous time scales

Zbigniew Bartosiewicz and Ma lgorzata Wyrwas

Bialystok University of Technology, Poland
{z.bartosiewicz,m.wyrwas}@pb.edu.pl

Ülle Kotta and Maris Tõnso

Institute of Cybernetics at Tallinn University of Technology, Estonia
{kotta,maris}@cc.ioc.ee

A necessary and sufficient accessibility condition for the set of nonlinear higher order
input-output delta differential equations is presented. The accessibility definition is
based on the concept of an autonomous element that is specified to the multi-input
multi-output systems. The condition is given in terms of the greatest common left
divisor of two left differential polynomial matrices associated with the system of the i/o
delta-differential equations defined on a homogenous time scale which serves as a model
of time and unifies the continuous and discrete time.

The work of Z. Bartosiewicz and M. Wyrwas was supported by the Bialystok University
of Technology grant No. S/WI/1/2016.

Multidimensional evolution operators with vector-valued
generalized characteristics

Yury Vuvunikian

University of Grodno, Belarus
vuv64@mail.ru

Object of the research is evolution operator with pulse characteristics which are vector-
valued generalized functions. The subject of the research is methods for constructing
evolutionary operators with generalized pulse and spectral characteristics and properties
of such operators.
The purpose of the research is to establish and develop the theory of evolution operators
with generalized impulse and spectral characteristics. The methods of the theory of
topological vector spaces and the theory of generalized functions were used in this
research.
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In the introduction an object of investigation is defined – a multiple polynomial evolution
operator with impulse characteristics which are generalized functions with supports on
positive hyper-octants.
In the main part the theorem about tensor product of a any finite number of polynomial
multiple evolutionary operators is proved. To obtain this result, the author introduced
a new concept of composition of multi-index with constraints. The following results
were obtained:
1. The concept of nonlinear evolution operators with pulse characteristics which are
vector generalized functions is introduced. The theorem on tensor multi-index degree
of reactions of evolution operator is proved.
The concept of convolution of multi-index compositional order is introduced and the
theorem on composition of evolutionary operators is proved. The theorem on the com-
position of evolutionary operators with compositionally symmetric generalized charac-
teristics is proved.
2. The theorem on spectral characteristics of the composition of evolutionary operators,
which allows finding all spectral characteristics of the operator of composition, is proved.
The theorem on the composition of evolutionary operators, when the outer composition
operator has compositionally symmetric spectral characteristics, is proved.
3. For an evolution operators with generalized characteristics the concepts of left quasi-
inverse, right quasi-inverse and two-sided quasi-inverse operators are introduced.
Recursive general formula, which allows finding the spectral characteristics of the right
quasi-inverse evolution operator, is proved. The impulse and spectral characteristics,
and characteristics for quasi-inverse operators for the evolution operators generated by
well-known classes of nonlinear differential equations are built.
The results we got can be applied in the theory of nonlinear evolution operators.

[1] Andrews G. The theory of partitions. G. Andrews. – M.: Nauka, 1982. – 256 p.

[2] Vuvunikian Yu.M. Evolution operators with generalized impulse and spectral char-
acteristics: monograph. – Grodno: GRSU, 2007. – 224 p.

[3] Vuvunikian Yu.M. Nonlinear evolution operators with compositionally symmetric
generalized characteristics. Doklady of the National Academy of Sciences of Belarus. –
2010. – V. 54 , No. 2 . – pp. 5–11.

[4] Vuvunikian Yu.M. Generalized functions and evolution operators: monograph. –
Grodno: GRSU, 2014. – 308 p.

Fractional control differential-algebraic systems with many
delays within fractional derivatives - representation of

solutions and relative controllability

Zbigniew Zaczkiewicz
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Bialystok University of Technology, Poland
z.zaczkiewicz@pb.edu.pl

In this paper we present representation of solutions of fractional linear differential-
algebraic systems with many delays. The differential operators are taken in the
Riemann-Liouville sense. Determining equations and properties of their solutions are
presented. We obtain analytical representation of solutions in the form of series in power
of solutions to the determining equations. The formula is very similar to the well-known
Cauchy one in the linear system theory. By the representation of the system, we obtain
a parametric rank criterion on relative controllability.
The present study was supported by a grant S/WI/1/2016 from Bialystok University
of Technology and founded from the resources for research by Ministry of Science and
Higher Education.

Existence of periodic solutions of system of neutral
difference equations

Ma lgorzata Zdanowicz

University of Bia lystok, Poland
mzdan@math.uwb.edu.pl

Ewa Schmeidel

University of Bia lystok, Poland
eschmeidel@math.uwb.edu.pl

Ma lgorzata Migda

Poznań University of Technology, Poland
malgorzata.migda@put.poznan.pl

The 2-dimensional system of neutral type nonlinear difference equations with delays in
the following form{

∆ (x1(n)− p1(n)x1(n− τ1)) = a1(n) f1(x2(n− σ1))
∆ (x2(n)− p2(n)x2(n− τ2)) = a2(n) f2(x1(n− σ2)),

is considered. We assume that ai and pi, i = 1, 2 are T -periodic sequences of real
numbers. We present sufficient conditions for the existence of T -periodic solutions of
the system above.

[1] Raffoul Y.N., Yankson E., Positive periodic solutions in neutral delay difference
equations, Adv. Dyn. Syst. Appl. 5 (2010), no. 1, 123-130.

[2] Wang W., Yang X., Positive periodic solutions for neutral functional difference equa-
tions, Int. J. Difference Equ. 7 (2012), no. 1, 99-109.
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[3] Wu J., Two periodic solutions of n-dimensional neutral functional difference systems,
J. Math. Anal. Appl. 334 (2007), 738-752.
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Olbryś Joanna, 63
Olszewski Pawe l, 64
Oprocha Piotr, 64
Ostalczyk Piotr, 65

84



LIST OF SPEAKERS 85
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